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172 ABSTRACT

©Abbasid dynasty and the ancestry originated with the Quraysh family. He
rejected all kind of irresponsible political intrigues. He supported law and
order as a good citizen under Allah, and advised others to do likewise as a

good example.
Finally two classes of peoples were considered, concerned most in collec-

ting and treasuring money currencies and gems.

1. the kings and rulers who through the power of money and wealth they
succeed to subdue kingdoms and enemies, and win the loyalty and respect
to their obedient subjects.

2. the beggarly fellows, the villains, and the rascals as a class on the other
extreme. They live miserly, and die regretless unexpectedly and ruthlessly.



ABSTRACT

Introduction to al-Biriini’s Book on Gems and Metallurgy

By

Sami K. Hamarneh, Faculty of Medical Sciences, Yarmouk University

The book on gems and metallurgy, al-Jamdhir fi Ma°rifat al-Jawahir by
Ab®w’l-Rayhan al-Biriini (973 — 1051) was completed and dedicated to the
Imperial library of Sultan Mawdiid b. Mas‘Gid of Ghaznah (in modern Afgha-
nistan) about 436/1044. The text in the introductory section surpasses in
worth and exposition any other work of its kind throughout the entire history
of the Middle Ages. It compares very favorably as a literary masterpiece in its
techno-scientific, socio-political, and religio-philosophical deliberations and
critical analyses of human character and behavior. By defining, describing
and/or evaluating such contemporary areas of research the following can be
briefly listed:

The part played by sun and moon in controlling of meteorology and sea-
sons, and the importance of movement and senses in the animal kingdom as
contrasted to that of the vegetable kingdom. On human levels, it considers
familiarity, homogeneity and the fact of being socially accepted personally,
so that individuals as well as communities can get together in friendly asso-
ciations and cooperation. This will make for mutual protection and commu-
nity security, despite differences in constitution, conduct and temperament.

Discussions were centered concerning the deposits of gems and minerals
under the earth’s crest, stored for numberless ages, yet discovered, provi-
dentially, for good uses and esteemed worth. . Here is comparison also bet-
ween precious stones and human attributes: manliness and chivalry for the
sake of showing off as compared to truly patrician, gentility, and true nobility
in walking the second mile, helping others, and giving cheerfully.

Further, the author explains the differences between the awful results of
indulgence in seeking bodily lusts, and the blessings of having clean and pure
heart, and unblameable conduct. Al-Biriini’s interest in collecting and deligh-
ting in aromatic medicinal plants suggests his nickname, Abii’l-Rayhin-the
one who adorns roses and aromatics. And in his wide experience and profound
knowledge of human nature, he appraised social injustices, and fought bigotry,
realizing the evils of blind prejudices and hypocrisy. He appreciated and
valued decency. equality, sound planning, and honest commercial transac-
tions and principles. He recommended economic, socio-technological metho-
dology based on experimentations, and critical observations. Being pro-Arab
in race and language, al-Birfini thus held the conviction and loyalty to the
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BOOK REVIEW 157

He isolated at times, what he should gather together and vice versa. The
difficulty of the subject comes primarily from the fact that it deals with manus-
cripts scattered in libraries in all parts of the world. That can be considered
as an excuse for the shortage of determination, correctness and exactitude of
some information. After all these critical remarks we would like to show our
admiration for the patience and erudition of the author.

These are some notes concerning defective points due to the arrangement
of the data and material, we give them in the hope that they may be corrected
or incorporated in the future “Nachtrige’.

1- p. 70: the number 7 misses.

2- pp. 73-74: there is a) but b) misses,

we have seen a: 1-2, but we have not seen b, instead of that we have seen
2. ..3... ete.

Hikmat HOMSI

Institute for the History of Arabic Science
Aleppo University



156 BOOK REVIEW

mentions all that he knows of every lexicographer, his teachers and pupils, his
works and his references. He cites in all that an extensive arabic and foreign
bibliography. He adopts in studying the lexicographers a double analytical
and synthetical spirit. He mentions all the studies of which the cited dictionary-
lexicon is the object, all the editions and all sorts of criticism and objections
or resumés. But he mentions some things that have nothing to do with the
dictionary-lexicon, or the exact lexicography . . .

This shortage of exactitude has led to a great confusion in exposing the
material. And this confusion has taken many forms: He gathers some books,
at random, which arelinguistic and nothing else, under lexicographic or lexical
title. He mentions some books under some division once, but he omits to do
that another time. He confuses between Coran interpretation, poetry, syntax,
grammar and lexicography in one place, but he distinguishes between all these
branches in another place.

This confusion in exposing the material is the mark of confusion in the
method followed and in the non—determination of the exact meaning of lexi-
cography in the author’s mind. We have mentioned in our Arabic book review
some examples of this confusion and we have shown its different kinds.

The conclusion to which we have arrived is that there is a difference or a
discrepancy between the content of the book and its title. A part of the cause
of this opposition is mentioned in the introduction, but it can not be sufficient,
and it can not be an excuse.

The author has to follow the method adopted by the authors of lexico-
graphy and lexicons who distinguish between three stages of lexicographic
evolution . . . and who call justly the third stage alone the lexicographic one.

But all these critical remarks can not diminish the great scientific value
of this work. And it is not, in any way, the intention of the reviewer to mean it.
Our purpose is to evaluate the book in its bibliographical, lexicographic, lite-
rary and scientific aspects. This point of evaluating the reviewed work must
be as much as possible objective one, and it tries to do what it considers as
just and true.

The primary sources exploited by Dr. Sezgin permit us to know the best
data collected about the subject in its bio—bibliographical knowledge. This
aspect reveals the great richness of the research and the width of its range. Tt
is clear that he has not gone through all lexicographical manuscripts or through
all voluminous works concerning the subject. That is why he has mentioned
many main sources of manuscripts without analyzing their contents. So that
we are before different levels of analysis, study and examination or survey.
The author tries at times to analyze at length the contents in order to deter-
mine their importance, originality and value for the specific subject. But at
other times, he refrains from doing that and he does nothing but mention the
title alone without any other determination whatsoever.



Book Review

Fuat Sezgin, Geschichte des Arabischen Schrifttums, Bd. VIII, Lexikogra-
phie, bis ca, 430H., XIIT + 390: Nachtriige (Corrigenda), Literaturverzeichnis,
Bibliographie and indices, Leiden, Brill, 1982.

This is the eighth volume of the ““Geschichte des Arabischen Schrifttums’
of Prof. Dr. F. Sezgin whose works, or precedent volumes in this field have
become references in the matter of Arabic studies, Arabic science and its
history as well.

This volume is divided into six sections preceded by a preface and an
introduction. The introduction is of great value and major importance, it
reviews the history and the actual state of the subject treated, then it deals
with the beginnings, origin and evolution of the Arabic lexicography. Finally
it studies the sources of our knowledge of the subject itself, which is constituted
of primary reference material. These sources are of two kinds: one of bio-
bibliographical sources and the other of lexical sources. Furthermore, it con-
tains the author’s interpretation and evaluation of the status of the subject
under discussion, its origin and beginnings as well as its evolution, based, in
general, on the sources mentioned in the introduction itself.

Such kind of study can be compared with many works—on the same sub-
ject—in Arabic and European languages. But Sezgin’s work is distinguished by
its richness consisting of a long survey of manuscripts and a long list of refe-
rences which is a distinctive feature of the work in its scientific value. But
the method followed by the author in studying the origin of Arabic Lexico-
graphy is not so exact that it can be sure in its results and conclusions. Sezgin
has not answered exactly and sufficiently the question on the beginnings of
Arabic lexicography in preislamic period, and the influence of foreign factors
on Arabic studies. So that the author sees in the Islamic-spiritual milieu the
point of departure and the cradle of Arabic lexicography without any foreign
influence, except in an inessential way.

Under the second section, following the introduction, the author studies
the first lexicographers and Fusahd@ (eloquents). This section shows a con-
fusion between many different elements. and a confusion between the vague
beginning of lexicography in its linguistic form and lexicography in its exact
meaning and form. The author follows a geographical method of division and
classification. That is why be classifies the lexicographers according to the
different countries. This kind of classification is the cause of another kind of
confusion commited by the author in his study and research. Under the third
section he studies the lexicography in Iraq: A) Basra, B) Kufa and C) Bagdad.
Under the fourth section, he studies the lexicographers in Persia, the fifth
section in Arabia and Egypt, the sixth section, in North Africa and Spain.
And in the last section he studies the unknown authors and anonyma. He
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that it was ever used for predicting whether or not an infant born within the
seventh month will perish. For one thing, the calculating can be done only
after birth has already taken place; yet at that time it would be more sensible
to wait and see if the baby makes it. Moreover, the application of this method
requires knowledge of the exact date of conception, which one not likely
possessed very often in those days. But even if this precondition be fulfilled,
there remains another weighty objection: Since in the middle ages, physicians
did not have sophisticated technical equipment at their disposal, seven-month
babies would rarely, if ever, have survived. Therefore, we prefer to classify
Thabit’s algori thm as a kind of arithmetic exercise, as an attempt to give a
more elegant mathematical formulation to those rules that, according to
Galen, determine the viability of seven-month children.
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conception and of birth are known. This mathematical procedure may be
applied even by a person who is not familiar with the complicated theoretical
considerations that underly its formulas, all the more so because it contains
no more than four constants and is thus easy to remember. One merely has to
introduce the relevant data of the particular baby into the appropriate for-
mulas, then compare the results obtained with the actual length of that preg-

nancy, and finally look up the corresponding conclusions as for the viability
of the neonate.

In the concluding part of the Epitome, Thabit gives for the different steps
of his algorithm speculative reasons inferred from Galen’s account, which
yet is less definite on this point. The arithmetic determination of the viabilty
of each individual seven-month child rests on the assumption that measuring
gestational length by calendar periods is not only a matter of convenience,
but is ultimately due to the fact, that the natural process of gravidity is go-
verned by celestial cycles, in particular by the revolutions of the two great
luminaries sun and moon, which also define those chronometric units. In other
words, major events in the course of pregnancy, above all the event of birth,
are supposed to coincide with, or rather be brought about by, special positions
of sun and moon in their orbits. For that reason, the months of gravidity have
to be established in accordance with the actual motion of the moon.

As human pregnancy fails to take a whole year, which would equal a com-
plete revolution of the sun, its greatest influence will necessarily manifest
itself after one half of the solar cycle, which is regarded as an important cri-
tical period, too. Therefore, half a year is considered the minimum duration
of pregnancy. In analogy to the significance of the semiannual period for
human reproduction, half a lunar cycle is likewise thought to define a
critical time of prenatal development; of course, that semimonthly crisis
produces its effects only with regard to the first and the seventh lunar month
of gravidity. In order to be ranked among the viable seven-month children,
an infant must have experienced at least one half of the month of conception
and of the month of birth in his mother’s womb. According to this hypothesis,
seven-month babies capable of living are always conceived during the first
half of a lunation, which is counted as the first month of pregnancy, but born
in the second half of the seventh lunation, on condition that the whole period
of gestation (calculated by days p. c.) does not amount to less than half a year.
These are the premises that form the foundation of Thabit’s algorithm for
testing seven-month babies’ chances to survive. He even gives an additional
formula which serves to make sure that birth did not take place after the
child’s entrance into the eight lunar month of intrauterine life, since being
born in that month would allegedly be fatal without exception.

All things considered, however, it seems to be not unreasonable to doubt
that Thabit worked out his mathematical device for practical use, or at least,
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As to the contents of our treatise and its historical assessment, I present
here a short survey only, referring the reader to my study in Sudhoffs Archiv®.
The doctrine of the viability of seven-month children as opposed to the non-
viability of eight-month children, which ultimately goes back to a prescientific
belief in the universal power of the number seven, was little disputed in Greek
antiquity and almost unanimously accepted by medieval writers in East and
West, mainly on the authority of the Hippocratic authors. Thabit’s contribu-
tion to this subject is based on Galen’s treatise De septimestri partu, of which
only the latter part has survived in the original Greek’, hut is preserved
completely in an Arabic version by Hunayn ibn Ishaq®. Galen’s book may bhe
described as a considerably extended commentary on a passage of the Hippo-
cratic treatise ““On Eight-Month Children” (De octimestri partu)®, where the
minimum length of gestation with live birth is said to be half a year (or 182
days and a fraction), a figure illustrated by a calculation of the day of birth in
a fictitious case.

As to Thabit’s adaptation of the Galenic treatise, it is not a paraphrase
which keeps closely to Galen’s train of thought, as might be expected from its
title ““mukhtasar”. Thabit rather selects from Galen’s somewhat verbose
argumentation the essential facts and treats them largely independently by
reformulating and rearranging them according to his own purposes, which
are obviously more mathematically than medically oriented. The Epitome is
divided into three parts. In his introduction, Thabit mentions briefly Galen’s
starting point, viz. the difference of opinion on the principles determining
gestational length which occurs in the Hippocratic Corpus. Then he cites
Galen’s empirical data on the interval in the seventh month during which
viable children may be born; he found it to range from the 184th to the 204th
day post conceptionem. In addition to this rough determination, however,
the dates of the particular pregnancy have to be taken into consideration.
According to Galen, the newborn is only capable of living, if the individual
dates meet certain prerequisites, as explained in the third part of Thabit’s
adaptation.

In the second and principal part, the calculations put forth by Galen to
exemplify those conditions are converted by Thabit into an algorithm, a
sequence of arithmetic operations and check rules, by means of which it can
be escertained, whether or not a child born on whatever day of the seventh
month of gravidity is fit to be brought up, provided that the exact dates of

6. See above, note 3.

7. The Greek fragment was edited by Hermann Schéne, *“Galenos® Schrift iiber die Siebenmonats-
kinder”, Quell. Stud. Gesch. Naturwiss. Med. 3 (1933), 328-346.

8. Edited by Richard Walzer, ‘‘Galens Schrift *Uber die Siebenmonatskinder’ . Rivista degli
studi orientali 15 (1935), 323-357; 16 (1936), 227.

9. Hp. Oct. 4,8-10: CMG I 2, S. 88-90 Grensem. = VII 436, 2-9 Littré.



NOTES AND COMMENTS

Thabit ibn Qurra’s Epitome of Galen’s Book on
Seven-Month Children

Ursula Weisser

The Arabic miscellaneous manuscript Istanbul, Aya Sofya 3631, contains
a collection of Galenic works either in translations or in adaptations by Arabic
authors, headed by Hunayn ibn Ishag’s famous Risila on the Syriac and
Arabic versions of Galen. In the second place, there appears a set of seven
compendia written by the renowned Harranian mathematician, astronomer,
and physician Thabit ibn Qurra (ca. 221/836-228/901)!, among them (fol. 58 v-
61 r) an “Epitome of Galen’s Book on Seven-Month Children” ( Mukhtasar
Thabit ibn Qurra li-Kitab Gdlinis fi I-Mawladin li-sab®at ashur)®. To supple-
ment my German translation of that treatise, which was published a short
time ago along with a detailed discussion of Thabit’s version in relation to its
Galenic model,® I now present the Arabic original, depending on the Aya Sofya
codex,* which until recently has been thought to be unique. Lately, however,
Ilearned from Fuat Sezgin that he had discovered a second copy in the State
Public Library of Leningrad/ USSR (no. firk arab 163), but had not succeeded
in obtaining a microfilm of the manuscript. Regrettable though it is that I had
to rely on a single source for establishing the Arabic text, yet the Aya Sofya
copy apparently represents a rather authentic tradition and does not raise

serious texual problems except in afewinstances. It is written in a legible,
partly vocalized naskhi script; the diacritical marks are frequently omitted®.

1. These compendia were first reported by Hellmut Ritter and Richard Walzer, ¢‘Arabische Uberset-
zungen griechischer Arzte in Stambuler Bibliotheken'’, Sitz. Ber. PreuB. Akad. Wiss., Phil.-hist. KI. 26
(1934), 832. See also Fuat Sezgin, Geschichte des arabischen Schrifttums, vol. 3 (Leiden, Brill, 1970), p. 261 s.

2. In Ibn Abi Usaibi®a, “Uyiin al-anba’ fi tabaqat al-atibba’,ed. August Miiller (Cairo, Kénigsberg,
1882-1884), vol. 1, p. 218, 1. 19 s., it is called “*synopsis’’ (fawdmi®) ; Ibn al-Qifti, Ta’rikh al-hukama’, ed.
Julius Lippert (Leipzig, 1903), p. 118, does not. mention the fact that it is an adaptation of a Galenic work.

3. Ursula Weisser, **Die hippokratische Lehre von den Siebenmonatskindera bei Galen und Tabit ibn
Qurra’’, Sudhoffs Archiv 63 (1979), 209-238.

4. T am much indepted to Professor Fuat Sezgin for a microfilm of the manuscript.

5. For a more detailed description of the codex Aya Sofya 3631, see Gotthelf Bergttrifier, Hunain
ibn Ishag: Uber die syrischen und arabischen Galen- Ubersetzungen. Zum ersten Mal herausgegeben und
iibersetzt ( = Abhandlungen fiir die Kunde des Morgenlandes 17,2. Leipzig, 1925), p. i. s., where the ma-
nuscript is dated 7th/8th cent. H.
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Used literatur and indications for its procurament

1 DjCafari Naini, Alireza: Geschichte der Zahlentheorie im Orient im Mitte-
lalter und zu Beginn der Neuzeit unter besomderer
Beriicksichtigung persischer Mathematiker,

(Braunschweig: 1982). Verlag Klose & Co.,

2 Hatin Abadi, Muhammad: Sark uyiin al-hisab (Commentary on Uyiin al-
hisab’), printed in 17th/18th century.
This translation is to be found in the library of
Parliament of Teheran (Kitabhana-i Maglis-i
Stra-i Milli) and it is registered there in the
Volume 6 page 107 of the list. At the same library
a microfilm of this translation is also available
under number 2130.

3 Yazdi, Mubhammad Bagqir: ¢Uyiin al-hisab (Spring of arithmetic), printed in
17th century. One copy of this work was taken
into the collection of manuscripts of the Central
Library of the University of Teheran (Kitabhana-i
Markazi Danisgah) and registered under number
464.
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* You might guess that further perfect numbers were isolated numbers
but that is not right (we took the numbers up to 50% in consideration) as for
example

496 {496, 652} 496;;652.
This is valid as well for the pairs of amicable numbers
220 {284}
284 {220, 562} 2207562
43
and
1184 {1210, 1336, 2362} 1210™~1336~2362
g8 44
1210 {1184, 1490, 1604, 1898} 1184~ 149071604~~1898
g8 g8 g8
As there is to be seen in the table showing the numbers m = 0, ..., 100,

no number has the weight 2, 5, 52. 88, or 96. From those 101 weights 32
(numbers) are weights of isolated numbers. Furthermore the rest of 64
(numbers) are weights of numbers of equal weight, from which only the 1 is
the weight of an infinite set of numbers of equal weight (theorem 1), the other
63 (numbers) weights are a finite set of numbers of equal weight as theorem
4 generally proves. The following is to be stated:

If the set of isolated numbers is finite, the set of numbers of equal weight
having a weight of > 2 will be infinite. If the set of numbers of equal weight
having a weight of > 2 is finite the set of isolated numbers will be infinite.

After the knowledge of that interesting kind of numbers has been spread
here too, some mathematicians will surely be found who will study their
properties and perhaps will develop further theories.

We are not able to answer the question yet in what way Yazdi found num-
bers of equal weight. May be they are the result of a mathematical play or
they were born in a field outside mathematics like magic or some sort of that.

About further achievements of that Persian mathematician in the field of

theory of numbers like perfect and amicable numbers you may read in my
book [1].
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o’(n) =m N Numbers of equal weight,

7 48,92,146 ~ 92~

6 { } 485,925,146

77 219,355,1003,1219; ~ 355~ 1003~ 1219~
{ 219,1363} 219535551003 5,1219 1363

78 {66}

79 365,497,737,1037,112 ~497 ~ 737 ~, 1037 ~ 1121
{365, 3 121 3655549753737 541037 5112
1457,1517} 145751517

80 {6241}

81 147,153, L1159, ~153~511 871~ 1159 ~
{147,153,511,871,1159,1591} 14799153%5119987 gg1 59991591

82 {158}

3 237,781,1357, ~781-.1357 ~ 1537

8 {237,781,1357,1537} 287 4781641357 5,153

84 {6889}

85 95,803,923,1139,1403, ~803~923~1139~ 1403,
{395,803,923,1139,1403 39545803 5,923 7113951403
1643,1739,1763} 1643517391763

86 {166}

87 {105,249,553,949,1273} 105 55289555535,94951273

88 [

~ 415~ 1207 ~ 1711 ~ 1927

89 {171,415,1207,1711,1927} 1754815541207 51711 192

~7

90 {78,7921} 785,721

~869~ 1241~ 1349~ 1541~
91 {581,869,1241,1349,154,, 58155869 5, 12411349 - 154 =
1769~ 1829~ 1961 ~ 2021
1769,1829,1961,2021} 6955182951961
. 88~ 178-

92 {88,178} egg1 8

93 {267,1027,1387,1891} 267 541027 1387 1891

94 {116}

~ 91316332173

95 {445,913,1633,2173} 445591351633 5,21

9% 8

97 {245,275,623,1079,1343, 245%275®623§)~g1079®13439~a

~ 1943~ ~2279
1679,1943,2183,2279} 1679519432183 o
98 {9409}
~ 2077 ~.2257
99 {1501,2077,2257} 1501 522077 5,22
100 {124,194} 1249—?‘194

137
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o’n) = N, Numbers of equal weight
51 {141‘301,481.589} 141 93019“9481 o589
52 )
53 {235,451,667} 235544515667
54 {42,2809} 42992809
55 136,329,473,533,629,713} 3655329 3547335533 562955713
56 {106}
57 {99,159,343,559,703} 995015954 3435555955703
58 {68}
59 {265,517,697} 26554517697
60 {3481}
61 {371,611,731,779,851,899} 37155611 5731577954851 54899
62 {118,3721} 18,3721
63 {64,177,817} 64451775817
64 {56,76,122} 56997669122
65 {117,183,295,583,799,943} | 117 391835929555583 5,799 5,943
66 {54}
67 {305,413,689,893,989, 1073} 30554135689 8935989 ~ 1073
68 {4489}
69 {427,147} 42751147
70 {134}
1~ ~ ~ ~
71 {201,649,901, 1081, 1189} 20 99649999019910819(3?189
72 {5041}
73 98, ,767, ~175~335~ 671 ~ 767~
{98,175,335,671,767 98991759933599671gg757gg
100 s 1207 s
7,1247,1271} 1007 5, 1247 2 1271
74 {70,142,5329} 705414245329
75 {213,469,793,1333} 213 469§.g793~1333
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o’(n) = m N, Numbers of equal weight
26 {46}
27 69,133 -
| { } 6945133
8% | {28}
2 ~
9 {115,187} 11599187
30 {841}
31 161,209, 125 161 ~ 209~
{32,125,161,209 221} 3299125991619920999221
32 {58,961} 5865961
5 5~87~
33 {45,87 247} 4 fr gg247
34 {62}
35 {93,145,253} 93§§145§§253
36 {24} )
~203~299 323
37 {155,203,299,323} 155 552035299z
38 {1369}
39 {217}
40 {44,74,81} 4455746581
111,319, 63~111~319~ 3!
41 {63 111,319 391} 991119931999 91
42 {30,1581} 30651681
43 {50,185,341,377,437} 50§§1BS§§341§§377é§437
. 2 ~
a4 82,1849} 825,1849
a5 (123,259,403} ‘?3&3259@403
3
46 {52,85} 5 9986
~ 205~
47 {129,205,493 1295205493
a8 {2209}
49 {75,215,287,407,527,551} 7S§§215§§ZB7§§40765527é§55‘
50 40,94} 40~ 94

99

135
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o’(n) m Nm Numbers of equal weight
0 {1}
1 |P=£,3,57,...} 2@3®5®,”
2 [
3 {a}
4 {9}
5 [
6 {6,25} 65525
7 {8}
8 :{10,49} 105,49
9 {15}
10 {14}
11 21}
12 {121}
13 {27,35} 215,35
14 {22,169} 225,169
15 116,33} 165433
16 {12,26} 12§§26
17 {39,55} 39555
18 {289}
19 {65,77} 655577
20 {34,361} 3454361
21 {18,51,91} 182515291
22 {20,38} 205,38
23 {57,85} 5745485
24 {529}
25 {95,119,143} 955,3119@143
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twins. We want to show the first two succeeding numbers of equal weight here
too:

Il

6 2.3 10=2.5

1: 6 2: 8
25 = 52 ©) 49 = 72 ®)
Rule No. 3 says:

You can find numbers of equal weight from a pair of numbers

a = 2"p; n =23 ...
b = 2p, if the condition

p2 — (2° — )p1 = 22 (21— 1) is satisfied.
For example

l12=22.3 20 =2%2.5 o
fa6=2.13 10 2igg 5 g9
The following table shows the values of

6’(n)=m for m=0 to m=100an.
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Now we have to study the formation-rule for numbers of equal weight.
There are different rules applicable for finding of numbers of equal weight but
the most interesting ones are the rules No. 1 and 2 described by me as follows.
Rule No. 1 is an extension of Yazdi’s rule. (His condition p; + p, = 2" can
be omitted.)

Rule No. 1 says:
From a pair of numbers of the form a = p1 ps(p1 < p2)
b= qi q(q < q2)
you can find numbers of equal weight if the condition p; 4+ p, = q1 + q, is
satisfied.
After that the first two successive numbers can be established. The sum
of their proper divisors (their weight) is added in parathesis.
39 = 3 .13 (17) 9. 65 = 5 .13 (19)
55=11. 5 M= 17.11
Yazdi’s condition taken into consideration 87’{{‘;247 as the second pair
of numbers of equal weight would follow first said.

My rule differs from Yazdi’s in the fact that, if you use it, you can produce
much more numbers of equal weight in finite sequence. Of course it can be
extended to numbers of any given factorization into prime factors, generally

said:
a = Pl P2 e PL’
b=qiq...q- .

So the pair of numbers a = p; p2 ps

will be of equal weight with b=aqaqaq
if the condition

P2t pips+ppstpitptps=0tagt@atagtqgtg

is satisfied.

170 = 2. 5.17
Example: 182 =2. 7.13 (154)
302 =2 . 151

Rule No. 2 derives from prime twins.
It says:
If p, q are successive primes with a distance q— p = 2 then you will find ngézp

because the condition ¢’ (q*) = ¢’ (2p) = 3 + p is satisfied. This theorem is

also valid inversely, i. e. if the condition qz’;Zp is satisfied p,q will be prime

g
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The first result is m = 0 (2) , N, includes max % -1

add numbers and they all are square numbers. (N, may include even num-
bers as well).

k
Ib. m_=_l(2);nEO(2):3-l_I-(1+pk+...+Pkak)—=“1(2)
k=1

1—2,pkzl<2)=ﬂ'(ak+1 1@ = +1=1@)
k>1 k=2
= o, = 0 (2).

The second resultis m = 1(2) , n = 0(2) , any even n € N,, either an even
square number or the double of a square number.

11, m 4+ n 0(2) = m =n(2)

Ilaa. m=n=1(2) = ]T (A4pec+---+ px ¥) =0(2)

k
pkEI(Z):ﬂ-(ak+1)50(2)23t1easta oy add n ¥ O3 .
k=1
The third result is m=n=1(2)=>n#030.
k
IIh. m=n=0() = H (tpe+ oo pe ™ =02
k=1
k
p=2ipe=1(2) = ﬂ' (a+1) = 0(2) .
k>1 k=2
The fourth sesilild me=m=0@)=1* p nst 0,

Summing up we can write:

I

it I & nEl(Z)mgm 0(2)=>n=0
m=1Q2)=n#010
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Proof: First the following evaluation shall be taken:

Np = {n; ¢’ (n) = m > 1 ; m (fixed) }

oot m—1)2 P < (m—l)z
Nu < {8,5,6,0 55 ( 1) }/§P2<(m_1)2€

P]1-'1;0'(11):1:1:1](151_F_ll:T

or p (m-1) > n ; for from p < m - 1 follows
6'(p) =1+ p<m;fromp=m-1 follows
¢'(p) =p+ 1= m;fromp>mfollowss'(m) >14p>m.
It be ¢(mn)=%1;06m+n=0cm;Ny,={c(m)=m+n}.
d | n
d <n
Further more be

oy L5 &k .
n = p; P2 ce e Px 3Pt <p2<...<pg primes and

a,...,a € N,
there is then

k

k
ﬂ (1+Pk+Pk2+"'+Pk“k)=m+l| pk“k ‘

k=1 k=1

The following distinction of cases can be established:

I. m+n=1(2)
k
Ia. m=0(2);n=1@2)= A+pet oo+ p*)=1(2)
k=1
k
pe=1(2) = (a+1)=1@Q)=a+1=1()

=

0(2) = n = O square number

Non< {32,587, 7,...,(2k+1)*};2%k +1<m-1=k<5 - L.
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In this day’s written form
=p+p=p.pp=a
It be of equal weight
VL =qtHe=>q.=>
(@ =oc(@-a={E +DE+)-p.pp=p+p+1=2"+1
s'b)=cd)-b=(@+D(@+D-qaqp=qg+q@t+1=2"+1
= c'(a) = o' (b) = 2 = 1

To this the example by Yazdi: for n =4
24=16=3+4+13=>a=3.13 = 39
It be
24=16=5+11=b =5.11 = 55
o'(a) = (3+1)(134+1) —39 = 17 = o' (b) = (5-+1) (114+1) —55= 17 = 24 -1
I add as another example: for n = 5
25=32=29+4 3 =>a=3 .29 =87
It be
25=32=19 4+ 13=b = 19.13 = 247
6 (a) = (341)(29+1) - 87 =33 =2° 41
o' (b) = (194+1) (13+41) — 247 =33 =25 + 1

The next pair of numbers is therefore 87 and 247.

Yazdi did not answer the question in his manuscript if there existed ano-
ther method besides the described one leading to finding of those numbers.
This is remarqued by Hatiin Abadi. In a marginal note (Copy 2) he adds a
smaller pair of numbers, 12 and 26, the sums of divisors of which are of equal

weight (16) as well. However Hatiin Abadi does not describe the method he
used to find those numbers.

As far as I know, no one except Muhammad Bagqir Yazdi and his translator
has studied those numbers.

Here is following the theory I have established for those numbers. See also
{1, pp. 63-72].
Definition 1: Ifa,be N ;o (a) —a = o (b)— b, then a, b will be called “of
equal weight”: = aggb.
The following theorems can be derived from the definition of numbers of
equal weight:

Theorem 1: prgqeP= p;gq

Proof: o(p) —p=1=c0c(qg —q
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From theorem 1 can be directly concluded
Theorem 2: a=qeP,beN; a;gbcabquP

~ - . . o s
The relation “gg” is reflexive, symmetrical and transitive.

Theorem 3: Assumption: a # b ; a, b q P ag}b
ce N ; c¢c>1; (¢, ab) =1
Assertion: acggbc (gg means, that g not is valid.)
Proof : Indirect: assume acg}bc ;
6 (ac) — ac = ¢ (bc) — be 1)
c(@)-a=o0c()-b @)
From (1) follows: ¢ (a) o (¢c) — ac = ¢ (b) 6 (¢) — be
LI ) gl _
or c (a) . a = o (b) o b. (3)
From (2) follows: ¢ (b) = o(a) +b—a, (4)
(4) set in (3):
c(a)ﬁéﬁ—a = (6(a) + b a) G‘Ec) — %
or b-a:#(b—a) b # a
. 6 (c) .
results in . = 1 = ¢ = 1 contradiction.

Definition 2: a € N, a will be called “isolated number” or “I-number”, if

for every b € N, b £ a is valid a;;;b‘

For the number of ‘numbers of equal weight’ with equal weights is valid
Theorem 4: It be N, = {n; ¢’ (n) = m (fixed) } .

So Ny, is either the empty set ) or Ny, is an element of a set
= {n;} , i. e. n; is an “isolated number” or N, = N, is the set
P of all primes or Ny, is a finite set for m > 1 and there is to be
applied

[ Np | 5(m-1)2-1-n((m-l)Z)-n(m_Z)withn(x)=2 1;p e P.

p=x
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Copy 2: Page 298 of “Sarh uyiin al-hisab’
by Hatiiv Abadi
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Copy 1: Page 102V of the work ‘“Uytin al-hisab’
by Muhammad Bagir Yazdi



A New Type of Numbers in A Seventeenth Century
Manuscript: Al-Yazd1 on Numbers of Equal Weight

ALiREZA Dja°Far1 NaInD*

TO THE GROUP OF PERFECT and amicable numbers there is to be
added a new kind of numbers, that is ‘the numbers of equal weight’.!

I discovered those numbers first when I studied the work ‘“Uyiin al-hisab’
(Spring of Arithmetic) [3] by Muhammad Baqir Yazdi, a Muslim mathema-
tician (died by 1637).

We don’t know much about the life of this scientist. But we know that he
lived during the rule of Shah ‘Abbis I (1587-1628) and Shah Safi (1628-1642)
both of them rulers of the dynasty of Sefewiden. His most important work is
the mentioned manuscript ‘““Uyilin al-hisab’, later translated from Arabic into
Persian by Muhammad Bagir al-Husaini al-Hitiin** Abad? in his work ‘Sarh
‘uylin al-hisdb’ [2] where he also gave occasional comments by marginal
notes. Yazdi dedicated a proper chapter of his work to numbers of equal
weight titled (Copy 1) “A chapter about finding two numbers of equal weighs
the divisors of them (sum) are equal.”” Otherwise explicated the definition is as
follows :

Two natural numbers a and b will be called ‘of equal weight’ if the sums
of their proper divisors are equal, or o’ (a) = o’ (b).

Muhammad Biqir Yazdi indicates the following formation-rule:

‘We decompose any even number®, once additively into two primes and
another time into two other primes and take the product of either of them.
Example: We decompose 16 once into 3 and 13 and take their product,
and another time we decompose 16 into 5 and 11 and take their product.
The two numbers, that is 39 and 55, are of equal weight, the sum of the
divisors of each is 17.”

* The author is a lecturer in mathematics and its history at the National University of Iran
(Shahid Beheshti University).
** The transliteration follows the JHAS’ system with some slight modifications:

c=g,.c=h,st=3%. N

1. The word ‘of equal weight’ was translated from the Arabic word Jslazs (symbol : ge from the
German expression for ‘of equal weight’ : ‘gleichgewichtig’).

2. There is probably meant ‘power of 2’ since Yazdi respectively started from the sequence 2% in
the preceding chapters of his work (perfect, abundant and deficient, amicable numbers) and in the
following example (16=24) as well. If the power of 2 is not a condition the first rule (see blelow) will
be valuable.
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Abl Sahl saw mathematics as a demonstrative science whose results,
when correctly derived from necessary premises, were immutable and, when
they concerned statics, entirely consistent with experience. Nature herself
shows the deepest mathematical regularity, and we ought to expect this to
manifest itself in beautiful mathematical, even numerical, patterns. Despite
this, a deductive proof is still the final arbiter, for failing this we have no more
certainty than the physicists.

Finally, the correspondence reveals Abii Sahl to be a mathematician
possessing considerable creative powers and technical expertise. Especially
impressive evidence for his creativity is found in his two theorems on centers
of gravity of circular sectors and arcs, which, in our opinion, rank with the
barycentric discoveries of Archimedes in beauty and insight, and (as his chart
reveals) he evidently rediscovered many of Archimedes’ results on the centers
of gravity of plane and solid figures. Finally, we have seen in his solution of
the problem of the circle cut by an angle both his nice insight in reducing the
general case to the classical form of a verging problem and his technical ex-
pertise in carrying out a geometrical argument of considerable complexity.

Like other great civilizations before and after it the Islamic civilization
may point with pride to its great men in the exact sciences, men such as Ibn
al-Haytham, al-Biriini and Omar Khayyam but, if we wonder how a civili-
zation produces thinkers of such stature at least part of the answer must be *
that it has already produced some of the stature of Ab@i Sahl al-Kiihi.
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Finally, since both T'E : WE and WZ : T'E are known, al-Kiihi concludes
WZ : WE is known. Since the right triangle EWZ is known in form (ma‘lim
al-siirat) the angle EZW is known, allowing us to construct the triangle that
solves the problem.

Fourth Analysis: This may be stated as

WZ : ZB = WZ.ZB : ZB? is known,

but, by similar (right) triangles, WZ-ZB = EZ-ZD, and by Euclid III, 36
ZB? = GZ-ZA, so EZ-ZD : GZ-ZA is known. Then by Apollonios’ Determinate
Ratio the point Z is known. (Since the determination of Z from a knowledge
of the ratio EZ-ZD : GZ-ZA is — see our note on 129':14 — the topic of the
work of Apollonios we know by the title The Determinate Section, Abii Sahl’s
fortunate citation of the Determinate Ratio here allows us to identify these
two works as the same.)

All of this bears the stamp of good mathematics. The problem is easily
stated and appeals to the imagination. In its generality the solution is not
easy, yet certain special cases are simple enough to give to a relative novice.
Finally, the solution to the general case turns on the nice idea of a scale model
effected by a verging construction. The capacity to delight in the sheer intellec-
tual pleasure of finding elegant solutions to difficult problems forms a common
bond between mathematicians of all times and cultures.

IX. Principal Conclusions of This Study:

Our focus in this work has been on Abfi Sahl al-Kiihi for, from the point of
view of the history of mathematics, he is by far the more interesting of the two
correspondents, and the portrait that emerges from this study adds to our
knowledge of the education of an important scientist of the fourth Hijra
century. Abli Sahl is thoroughly familiar with both the Elements and the Data
of Euclid, the Measurement of the Circle (in an amputated version), Sphere
and Cylinder, and the Lemmas of Archimedes, Apollonios’ Determinate Section,
Ptolemy’s Almagest as well as certain writings of Galen and Aristotle. He has,
in addition, read (at present unidentifiable) works of Archimedes and Euclid
on centers of gravity. Of the writers nearer to his own time he has read men-
surational works of Ibrahim b. Sindn, Abl Sa®d al-°Ala’ b. Sahl and Thabit b.
Qurra, as well as writings of the latter two on centers of gravity.

The very fact that this is scientific correspondence reinforces the point
made by A. Anbouba [3, 137 (note)] about the importance of correspondence
in the development of mathematics in the 4th Hijra century. In addition to
Ab@i Sahl’s activities as a correspondent, and there are eight other works of
his called “letters” (risa’il) cited by Sezgin, previous researches have revealed
that at various times in his life he was in personal contact with Abl Hamid
al-Saghani, Abt l-wafa’ al-Buzjani, and *Abd al-Rahman al-Siifi, and, just
possibly, Ibn al-Haytham.
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First analysis: Draw BT L GA. Then ET:TZ = WB:BZ is known. Choose K on
TZ so that ET : TZ = DT : TK. Thus ED : KZ = (ET — DT) : (TZ — TK)

is known, since this latter ratio is equal to ET: TZ. (This is true becauseifa > b
b -b :

and ¢ > d are four line segments and % = — then 271 = —2 . This may

be easily proved from X. 12 of The Elements.) Since ED is known so is

KZ. Also
DK : DT = (ZD-DK) : (ZD-DT)

so the latter is known since DK : DT= (DT: (DT + TK) )™! and this is known
from DT: TK; but, ZD-DT = DB?, a known, and so ZD-DK is known. Since
KZ is known as well it follows each of ZD, DK is known. (To see this let
KZ = a and DK = X. Then x (x+a) is known so, by Euclid VI. 29, x and
hence x -+ a may be determined.) Since D is known Z is therefore known,
and the tangent from Z may be drawn, solving the problem.

Second Analysis: If T'W || BD then T''W is known since BD : T'W = BZ: WZ.
Thus (T‘W)? and, so, T'E-T'Z, are known; but, (T'E-T'Z) : (T'E-T'D) = T'Z:
T'D = ZW : WB is known, so T'E-T'D is known. Since ED is known we
conclude, exactly as in the first analysis, that both T'E and T‘D are known.
Since E is known, T’ is, and W is now determined since T'W is known in
magnitude and the circle about T’ with radius T'W will intersect EW in W.
The tangent to the circle from W solves the problem.

Third Analysis: Let the extensions of the radius BD and WE meet at T'.
Since ED : DB = T"E : BZ and both of ED, DB are known the latter ratio
is known. Also BZ : ZW is known and so, compounding, T'E : ZW, and
thus T'E? : ZW?2, is known; but, ZW? : ZW-WB = ZW : WB is known as
well and thus, by compounding, T'"E? : ZW-WB is known. However, by the
similarity of triangles ZWE and T"WB , ZW-WB = T"W-WE and so T"E?:
T'"W-WE is known.

Now al-Kiihi concludes T'E : WE is known. Although he gives no reason
for this conclusion we may see its truth as follows. Let T'E = ¢, EW = b
and T"W = a, so that a = b+c and the known ratio (T'E)? : T'"W-WE = ¢*:
ab=c?:(btc)-b=1:(b/c + 1)°/.. Thus (°/c + 1) ®/., is known and
since both the product and the difference, 1 = (°/. + 1) —°/,,is known Abd
Sahl would have seen immediately that b/c is known; but, this is just the
inverse of the desired ratio ¢/b and so this latter is known. Like many mathe-
matical tricks the above justification is easy once seen, but the complete ab-
sence of explanation in the text, where even very elementary transformations
of ratios are signalled by key words, suggests that the transformation involved
was something anyone competent in mathematics at al-Kuhi’s time would
have been expected to see.
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intersect NJ at J. By the properties of parallels FT = LM, but, by The
Conics II, 8, LM=CO. Also JT=MO so FJ=FT— JT = CO — MO=CM=L
The construction is complete since FJ is the desired segment.

Though we do not claim that the analysis we have given is the only possible
one it does have the twin merits of compatibility with the mathematics of the
time and of accounting for the main feature of Abli Sahl’s solution, the verging
construction. Thus we believe that whatever the details may have been our
version captures at least the main lines of the original analysis.

It seems to us significant, also, that once again the name of Ibn al-Haytham
appears. We have already conjectured that Abl Sahl was writing the corres-
pondence around the year 381 when Ibn al-Haytham was about 26 years old,
and we have seen Abi Sahl was writing in Bagra, Ibn al-Haytham’s home town
and his residence until he went to Egypt at about the age of 35. We know also
that al-Khazini [18, p. 26] links their names in his treatment of centers of
gravity. It seems to us, therefore, a possibility that around the year 381 Abi
Sahl and Ibn al-Haytham were in personal contact in Basra and that the
subjects they discussed together included at least centers of gravity, analysis
and synthesis, and verging constructions, but whether this conjecture is
probable must await further research on the work of both of these scientists.
(If it was not in 381 but earlier, in 373, that Abli Sahl was working in Basra —
and that seems to be as early as is possible — a link with Ibn al-Haytham is
still possible, for Ibn al-Haytham would then have been about 18 years old
and this is not an unusual age for a mathematical genius to be active.)

We turn now to the remaining
mathematical part of the correspon- W
dence, and in order to summarize Abii
Sahl’s four analyses of the case when
the angle is right and omne side of it
(EA) contains the center of the circle
we refer the reader for the following

FC o T A =

discussion to Figure 20, a composite
of the four figures in the text. In all

cases we assume the point B has been
found on the circle so that if WBZ is
the tangent then WB : BZ is equal to
the known ratio. (Thus WZ : WB and
WZ : BZ are known but not WZ or
WB or BZ. Any radius, such as DB, is
known, and DE or EG is known, but
that is all.)

Fig. 20
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What Ab@i Sahl saw was that this problem could be solved by an apparently
simpler problem, namely: Given two sides of an angle, a point E not in the
angle, and a line DO, draw through E a line E Y Q interesecting the sides of
the angle in Y and Q so that YQ = DO, (138":6).

Such a verging construction was used by the ancient Greek mathematicians
to trisect an angle, and is effected by the intersection of a hyperbola and a
circle in Pappos [21, Bk. IV, Prop. 36-37]. This same construction was trans-
mitted to the Islamic world by Thabit b. Qurra (See Hogendijk [14a]), and
€Abd al-Jalil al-Sijzi, whom we have seen was acquainted with Ab@ Sahl
mentioned it, so Abfi Sahl’s reference to conic sections could be a reference to
the construction Thabit transmitted.

AbT Sahl also wrote two treatises on the regular heptagon (30, V, p. 318),
and, although we have not seen the text of the treatises, it appears from the
account of them given by A. Anbouba in [1] (for a shorter version in French
see [2]) that it was not in these treatises that Abl Sahl did what he says on
138":6-7, “We have shown how to do that in many places, and it may often
happen that we do not need (for this purpose) to resort to conic sectios.” An
example of the use of conic sections to solve the verging problem in 138°:6 is
found in Ibn al-Haytham’s The Optics (K. al-mandgir) cited earlier, Ibn al-
Haytham being a younger contemporary of Ab@l Sahl al-Kiihi, living in Basra
when Abl Sahl was there. (Prof. A. I. Sabra kindly supplied us with a copy
of his English translation of the parts we refer to here.) Book V of The Optics
contains the six lemmas (mugaddamdt) for the solution of the problem
currently called “Alhazen’s problem”, and Ibn al-Haytham solved the verging
problem Abii Sahl described in the course of establishing the first of these six
lemmas. (For a statement of all six lemmas consult Sabra, [27].) His solution is
as follows (see Fig. 19):

Suppose we are given a segment I,
and angle FNJ, and a point T outside
the angle. We wish to draw a line
TJF so that JF = L

Through T draw TQ || NJ and
extend FN to Q. Draw TM || NQ so
that TM meets NJ at M. Now, by IL
4 of Apollonios’ Conics, through M
draw the hyperbola with asymptotes
FQ , QT and then measure off I as a
chord CM of this hyperbola. Let this
chord, extended in both directions,
meet the asymptotes at O and L. .
Through T draw TF || OL and let TF Fig. 19
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Fig. 18

and the use of the ““scale-model” property via similarity of the two triangles
A (EDd) and A (BdZ) to A (tXT') and A (TTK), respectively.

However, to require TX : Xt = BD : DE is to require a verging construc-

tion of a rather general type: namely the arc M H L and chord MTL of a circle
are given, as well as a point (F) on the other side of the chord. We then require
that the segment tX be constructed, verging toward F, so that TX : Xt is
equal to a known ratio, namely BD : DE. (This is in fact a generalization of
what A. 1. Sabra [27, p. 200], describes as the fifth of six geometrical lemmas
employed by Ibn al-Haytham in his K. al-mandzir,

“From a point E outside a circle having AB as
diameter and G as center to draw a line that
cuts the circumference at D and the diameter
at D such that DZ equals ZG.”)
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four analyses of special cases. He even apologizes for not giving the syntheses
here as well on the grounds that he did not want to make the treatise too
long.

Perhaps Abii Sahl omitted the analysis of the solution of the general case
for the same reason but, in any case, the proof he gives suggests to us the
following analysis.

He began (Fig. 17) with the image of the problem solved and a circle drawn
through the three points E, W, and Z. The line through B, perpendicular to
WZ, will contain D, the center of the given semicircle, as will the line through

E D

Fig. 17

E making an angle ZED with line ZE. So (Fig. 18) take the line segment KH
divided at T so that KT : TH = ZB : BW. Draw a circular arc KLM admit-
ting an angle equal to ¥ WEZ. Complete the circle to KfﬁM, where LM is
the perpendicular to KH through T. On the arc KL choose F so that ¥+ KLF
= « ZED.

We have now used the givenin Fig. 17 to construct the solid lines in Fig. 18,
where the last point constructed (F) is one intersection of the line correspon-
ding to ED in Fig. 17 with the circle. To determine another point on this line,
and hence the whole line it is only necessary to draw a straight line tXF in
Fig. 18 so that TX : Xt = BD : DE. Then, as Abii Sahl in fact shows in his
proof, Fig. 18 is just a scale model of Fig. 17 where the correspondences bet-
ween the points are W <+ H, B> T, K & Z,t < Eand D & X.

Finally when the analysis has led us to the construction of satisfying
the given proportion, the synthesis is simply a consequence of that proportion
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easy to prove). As a result it again follows ex aequali that

Co6 : CE = LT : LX,
and hence,

E6: CE = XT : LX.

But, again using the similarity of A(XtL) to A (EDC), CE : ED = LX : Xt,
and, as before, ex aequali proportion yields E6 : ED = XT : Xt, so, since
E6 = DB, DB : DE = XT : Xt.

Everything proved so far forms one section of the proof in that, from all
the above material, only this last proportion will be needed in the sequel.
In fact Abii Sahl now observes (138¥:29 — 1397:5) that A (EDd) is similar to
A (tXT) and from the resulting proportion, DE : Dd = Xt : XI', and the
previous, he obtains ex aequali DB : Dd = XT : XT', from which follows

Bd : Dd = TI' : XT'.

Next in (1397: 6-12) he notes that the aforementioned similarity implies
Dd : Ed = XT : tI' and so, ex aequali, Bd : Ed = TT : tI'. From this and the
similarity of A(BdZ) to A(TT'K) he deduces EZ : dz = tK : I'K, from which,
together with the same similarity, he obtains ex aequali

EZ : ZB = tK : KT .

Finally (1397:12-15) the equality of « Z with « K and « E with « timplies the
similarity of A(EZW) to A (tKH) which, together with the preceding, implies

WZ : ZB = HK : KT ,
and so

WB : ZB = HT : TK ,
which proves the theorem.

Such is Abli Sahl’s proof of the solution he proposes. The question, however,
arises of the genesis both of the problem and of Abi Sahl’s solution to it. In
our view the two are intimately connected since we believe that the problem
arose as a geometrical construction problem of the type customarily solved
by analysis. Although no other references to this exact problem are found in
the literature we have examined, problems of the same kind, together with
the same terminology, are also found in the treatises of Ibrdhim b. Sinan
b. Thabit [30, V, 294] and Ibn al-Haytham [30, V, 368] on analysis and syn-
thesis. (The ‘“terminology” we speak of is that found in Euclid’s Data, with
its constant repitition of the phrases “known in position” (malim al-wad®,)
“known in form” (ma‘lim al-sira) and “therefore — is known”.) It is, thus,
because the problem originated within this circle of problems that Abii Sahl,
in addition to giving the synthesis of the general case, gives no fewer than
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turns so it is always tangent to the circle, then we can (1) make BZ as small as
we like and keep BW bounded away from 0, or (2) make BW as small as we
like and keep B bounded away from 0 or (3) have BW approach a non-zero
magnitude and make BZ arbitrarily large. In what is called the ‘““fourth case”
Abii Ishaq neglects to state that he assumes BD is a secant of the circle.
Construction: (1387:29 — 138¥:10). On the line segment HTK construct a
circular arc KLH so that® « KLH = « ZEW. Complete the circle KLM and
construct its chord LTM 1 HTK.

Now draw the line DE and extend it in both directions to points N and O
so that DE:EN = DS:SO = LT:TM. Since the angle this line makes with
the secant AGE is assumed known, choose F on the circle KLM so that the
angle in the segment KMHLF of the circle is equal to « DEG.

Next, draw DC so that €« EDC =« FKL and DQ so that « EDQ= « MLF,
and then draw NR || DC. Now insert the segment DO in the angle NRQ so
it verges toward E, i. e., construct a line CEQ so that YQ = DO.

Finally, on the circle KLM choose t so that « LMt = « DQE and join t to
K, F, L and H. Then the tangent to the circle, ZBW, constructed so that «
AZB « tKH is the required line.

Proof: The main steps are the following. To begin with (138":10-19), choose
points k,6 on CQ that DS = E6 = Yk. The similarity of A (ECD) to A (EYN),
together with the verging construction and the definition of k, imply

EC: EY = ED : EN = Yk : kQ .

Then a straightforward manipulation of these proportions (138":14-17) results
in

Cob : 6Q = ED : EN .

This latter ratio is connected by the construction with the circle KLM so that
Cob : 6Q = LT : TM,

and from this there immediately follows the first fundamental proportion:
CH :CQ =LT:LM.

Next (138":19-23) the definition of t on the circle KLM insures that A (MtL)
is similar to A (QDC), so that CQ : CD = LM : Lt, and it follows ex aequali
from the previous proportion that C6 : CD = LT : Lt.

The third step (138":23-29) is to use the similarity of A (XTL) and A(EDC)
to establish CD : CE = Lt : LX. (Abii Sahl in I. 24 says he has proved the
similarity of these two triangles but he has become confused and is probably
thinking of the proof of the similarity of A(CQD) to A (LMt). In any case his
constructions guarantee + EDC = « XtL and € C = £ L, so the similarity is

(1) We used this form to indicate for the sector.
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two correspondents to this problem, which it seems was posed by a third party
to Abii Ishaq. In its simplest form the problem is one of a circle cut by a dia-
meter BEG with a tangent at B and what is sought is a point Z on the circum-
ference of the circle so that if the tangent at Z cuts the tangent and diameter
at A and D, respectively then AZ:ZD is equal to a known ratio.

Abii Ishaq’s Solution: If, proceeding according to analysis, we suppose the
problem solved and draw the radius EZ, then an easy manipulation of ratios
shows that if we know AZ:ZD, we know AD-ZD:ZD?. Since angles Z and B
are right, the points A,Z,E,B are concyclic and (as a corollary to Euclid III, 36)
AD-ZD = DB-DE, while (by Euclid III, 36 itself) ZD?> = DB-DG. Thus DB-
DE:DB-DG, and so DE:DG, is known. Thus EG:DE is known and, since EG
is the radius of the given circle, DE is known. Since E is given, D is known and
the required tangent is the tangent to the circle from D.

Abt Ishiq now weakens the hypothesis to the supposition that BG is any
chord of the circle.

Abii Ishaq’s Solution: By analysis we may suppose the sought, AZ:ZD, is
known, so AZ:AD, and hence AD:AZ, is known; but, AZ and AB are tangents
to the circle from A so AZ = AB and AD:AB is known. Then in the triangle
ABD the angle B and the ratio of two sides AD:AB are known so the triangle
ADB is known in form (maClim al-siira). (This follows from Euclid’s Elements,
VI, 7, since the angle BDA is acute. See also Nasir al-Din al-Tisi’s redaction of
Euclid’s Data, Prop. 44, and the comments that follow it [34, no. 1, pp. 18-19].)
Since angle D is now known, we may draw GT so « TGB = « ADB. Then Z
will lie on the intersection of the circle with the line EH drawn perpend-
icularly to GT. The tangent to the circle at Z is then the desired line.

As Abii Ishaq notes, this analysis is the more general, and the synthesis
of this nice piece of mathematics is so clear that Ab{ Ishaq in fact refers to the
analysis as ““this proof”.

It is the remaining two cases, when AB is not tangent to the circle, that

Abi Ishdq cannot solve, and we now begin with an overview of Abld Sahl’s
solution to the problem, supplemented by references to lines in the text where
details may be found.
The problem: (1387:26-29) We are given the center D and radius DB of a
circle ABG, as well as an angle ZEW of which at least one side cuts the given
circle. Given as well are the distance from the vertex of the angle to the center
of the circle, the angle ZED and the ratio of two line segments HT:TK. We
are required to construct a point B on the portion of the circle within « ZEW
so that if the tangent at B cuts the two sides of « ZEW at Z and W then WB:
BZ = HT:TK.

We first note, however, that considerations of continuity dictate that the
two cases posed here will have solutions, for if a given line (WZ in Fig. 12)
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in as much as their knowledge is based on opinion and mere likelihood. To these
he opposes Archimedes, Ptolemy and Hipparchos and, in more recent times,
Thabit and Ibrabim b. Sindn among whom error, when it occurs, is simply
due to a mistake in calculation and occasions neither censure nor dispute.

Finally there are the very interesting remarks on what it means for a
ratio to be known. A complete account of this matter seems hardly possible
since we lack the original letter of Abii Sahl that sparked the debate. We have
only Abii Ishdq objecting that the ratio between two cylinders is known if
they are of one kind (jins wahid) but that otherwise it is unknown.

This view goes back to Aristotle who in his Physics (VI1.4.248* and 249?)
asserts of a straight line and circumference of a circle that ““these are not
comparable”” and locates the problem in the fact that the two curves are diffe-
rent in species. This view enjoyed a long life, for a century after Abi Ishiq
invoked the doctrine al-Jayyani ([23], p. 20) wrote, ““Equality never occurs
between a straight line and a curved line for they are not of the same kind”.
Of course, Abli Sahl replies by citing Archimedes, (in 133":26), though, not
knowing Prop. 18 of On Spirals he uses analogies drawn from Sphere and
Cylinder.

In this section (133":19 et seq.) Abl Sahl makes a distinction between a
ratio being known in the sense that the antecedent is so-many-times plus so-
many-parts-of the consequent (nisbat al-kamm) and its being known only in
the sense that its consequent and antecedent are magnitudes given as existing
(nisbat al-wujid). His proof in 1347:10-11 that a circle and square have to
one another a ratio of this second sort is simply the proof of the first proposition
in Euclid’s Data (a work for which Abli Sahl composed some additional theo-
rems, Sezgin [30,V, p. 319, No. 171]), specialized from two arbitrary magnitudes
to the circle and square; but, his statement and proof that circular and square
cylinders are to each other as their bases seem to be original with him and
serve to drive home the point that the results of mathematics are not subjects
to any a priori limitations, such as those which would limit the comparability
of the curved and the straight, but are restricted only by the criterion that
they must be capable of being demonstrated on the basis of a given set of
premises. While, in our search for mathematical truths, our faith in nature’s
regularity may lead to conjectures which seem indisputably true, the ultimate
test is a geometrical demonstration based on sound premises of the sort
Archimedes or Euclid employed. Failing such a demonstration, a result cannot
be claimed to be part of mathematics, but, when such a demonstration is
found, the acceptability of the result cannot be denied, however much it may
conflict with our preconceptions. These views of Abi Sahl are ones that most
modern mathematicians would feel are identical with their own.

VIII. Problem of Circle Cut by an Angle:

We begin this commentary with an overview of the solutions given by the
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numbers appearing in the ratios as indicating something that is “natural”,

places himself amongst those mathematicians and philosophers who believe
that the deepest truths of nature are expressed by whole numbers and their
ratios. The science of centers of gravity is, after all, about nature, and al-Kihi
regards his table of integer ratios as such a characteristic expression of nature
that it would be quite incredible if the final link in this beautiful chain of
numbers should prove to fail when the other five were sound.

Abi Ishaq points out, however, that if the science of centers of gravity is
to be at once both ““demonstrative” (burhdniyy) and informative as to the
state of nature, then its results must satisfy the twin criteria of consistency
with other results that have been demonstrated and with physical experience.
On the basis of the first criterion he attacks the corollary of Ab@i Sahl’s chart,
namely the value 3 /, for 7, which he says contradicts what Archimedes said,
while he attacks the law of the lever on the basis of the second. It must be
said at once that his first attack is considerably more successful than the
second, which is based not on Abli Ishiq’s own experience at all but on a
thought-experiment conducted on the assumption that if two objects balance
about a fulcrum then they weigh the same. (For the appearances of this pre-
judice in earlier literature see the author’s [5, p. 101].) The dismal failure of
this criticism is mitigated somewhat by the success of the first objection, that
the value of 3 '/, for the ratio of the circumference to the diameter is incon-
sistent with Archimedes’ result that this ratio is between 3 '/, and 3 1/,,.

To Abii Sahl’s credit he acknowledges that the key element in his recti-
fication of the circle has not been proved (1377:20), but having acknowledged
this weakness, he begins an attack on Abli Ishaq’s source. We have discussed
in our notes Abfi Sahl’s pointing to the possibility of textual corruption, so
we turn immediately to his charge that the treatise on the measurement of
the circle, being simply an approximation — and not a very close one at that
is something of which no reputable modern geometer would be proud, let
alone Archimedes. It is apparent from this that Ab{i Sahl’s conception of a
“demonstrative science’ is of one whose results are exact and not approxi-
mative. The numerous approximative methods developed by the scientists
of medieval Islam were therefore not part of a ‘““demonstrative science’ and
in this Abt Sahl shared the viewpoint of Ptolemy, who gives what he calls
the mathematical necessities for understanding the Almagest and says not a
word about the multitude of numerical (approximative) methods which lie
behind so much of his work. (For a discussion of this point see Pedersen [22].)
So far removed did Ab@i Sahl consider approximations to be from a proper,
‘“demonstrative’’ mathematics that he concluded the treatise was not by
Archimedes but merely attributed to him. Abli Sahl’s remarks suggest that
approximative methods are best left to “the physicists” (t@bi‘iyyun) such as
Galen and Aristotle, who are doomed to disagreement among themselves
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spoken of it here because it goes into the principles of subdivisions, and if
we wanted to occupy ourselves with subdivisions, specifications, syntheses
and the enumeration of different cases of the positions of points, according
to the method used by Apollonios in his works, our treatise would be very
long.”

VI. The Barycentric Theorems:

As stated in the introduction both J. Sesiano [28] and the author [6] have
published studies of this aspect of the correspondence; however, in order to
make this study as self-contained as possible, we note the following points.
First of all the results about the centers of gravity of the three plane figures
and their solids of revolution are, with the exception of the ratio 3:7 for the
semicircle, true. Although the five correct results were proved by Archimedes,
we know from Abii Sahl’s testimony in his treatise on the Volume of the Para-
boloid [26, no. 6, p. 3] that his discovery of the center of gravity of the parabo-
loid, and probably that of the hemisphere, was without knowledge of Archi-
medes’ results. Since we do not know of any treatise transmitted to the Arabic
authors that contains the results for the parabola or the cone, we suppose these
were also independent discoveries of Abii Sahl. The result on the triangle, of
course, AbG Sahl could have learned from such ancient sources as Heron’s
Mechanics, Pappos’ Book VIII, or even the book of Archimedes on centers
of gravity he cites elsewhere (see our note on 1317:24-25), and it is reasonable
to suppose some book got him started thinking about these matters.

The two theorems on centers of gravity of circular sectors and arcs are quite
correct and, as well, unknown in the ancient literature. They can both be
derived by considerations that would not go beyond those known in the ancient
world — the theorem on arcs by the Pappos-Guldin Theorem and that on
sectors by an argument given in my paper [6, page 8]; however, there is no
way of knowing how al-Kiihi discovered or proved them.

VII. Metamathematics in the Correspondence:

It is apparent that a large part of this correspondence is occupied with
matters that we would consider as metamathematical, including extended
discussions of the relation of mathematics to experience, what it means to
say that a mathematical entity is “known”, the kind of results regarded as
being part of mathematics, and what evidence is regarded as admissible in
mathematical arguments. These discussions provide an opportunity for us to
overhear a medieval mathematician talking about his science with a well-
informed amateur and reveal much of the state of mathematics in the late 4th
century Hijra.

Most of these issues appear in the debate over the status of the result on
the center of gravity of a semicircle. Al-Kiihi, in regarding the chain of whole
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See 132V:18

Prof. W. Wallace has called our attention to the fact that in Ch. 1,
Book I of his Almagest Ptolemy emphasises the disputes that must
necessarily arise between philosophers on matters of theology or
physics, as opposed to the certainty inherent in mathematical
methods.

In the version of the Measurement of the Circle found in Col. MS Or.
306/15 (M. Arshimidis fi taksir al-dd@’ira) the first line speaks of the
treatise as “attributed to” (mansiba ild) Archimedes.

137":24-27 He here refers to Archimedes’ division of the circle into 96 parts

138:1
et seq.

1387:6-7

138":17

1407:15

(each one being 3 3/40). In his recension [35, no, 5, 127-33] of Measu-
rement of the Circle, Nasir al-Din al-Tiis1 comments on the astrono-
mers’ use of the chord of a small arc to estimate w. The table of
chords Abt Sahl refers to may be found in The Almagest I, 11 [24].

‘ald aqtarihi. The triangles are “on its diameters” in the sense that
each triangle has part of a diameter as a median, e.g., in Fig. 11, BGE
has as its median from E onto BG part of a diameter of the original
parabola. This is a consequence of Apollonios’ Conics, I, 46. The
property of the area of these triangles that is mentioned in lines 1 - 4
formed a basis for one of Archimedes’ quadratures of the parabola.
It was also an important link in Thrahim b. Sin@n’s argument (which
is, presumably, where Abii Sahl found the fact), and Abi Sahl’s
praise of Ibrahim’s ability in lines 10-13 shows that he did not object
to the use of a sequence of approximating figures when it was handled
so as to obtain an exact result, but only when, as is the case with
Measurement of the Circle, the use made of the sequence is to obtain
a sequence of numbers that result only in an approximation.

The translation we use for “We have . . . conic sections’ is taken
from A. I. Sabra [28, 305 n. 10].

What seems to be intended by the phrase ‘“as the ratio of one to its
associate” (kanisbati wahidin ild qarinihi) is that from a proportion
a:b = c:d we may deduce a:b = (a+c) : (b+d), i. e., the ratio of
a+-c to b+4d is as the ratio of any one antecedent to its, associated,
consequent. The justification is Euclid’s Elements V, 12.

The language here is reminiscent of that quoted by Woepcke [36,
p- 55, n. 11] from Abl Sahl’s treatise On Centers of Circles Tangent
to Lines (see Sezgin [30, V, p. 319]), where Abii Sahl writes, “We have
mentioned it (a previous problem), together with certain ones of
those propositions, in our analytic treatise, which we have likewise
titled On Centers of Circles Tangent to Lines. We have, however, not
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136":4-6

136":29

1377:11

1377:17

1377:19

J. L. BERGGREN

sens exprimé par le verbe AepBdvw, & un temps personnel, Anal. pr.
B11 61 b 16”, and this is the reason for our translation “generally
accepted”. The second category contains the kind found in Euclid
(line 18) i. e. those which are clearly basic to and form part of an
extensive deductive system. At the end of the first part, however, it
is mentioned that according to other contemporary usages the mu-
sallamat include the FEuclidean postulates.

In the second part Abli Sahl discusses another sense in which
he has used mugaddamat, one that corresponds well to the modern
concept of lemmas, and it seems that he regards the one unproved
element in his chart of centers of gravity, namely the position of the
center of gravity of a semicircle, as this kind of a premise not one
to be accepted unquestioningly but as a theorem to be proved and
to which the theorem on the ratio of the circumference to the diameter
reverts.

It is not surprising that Abli Sahl believed Euclid lived after Archi-
medes. For example al-Ya®qlibi makes Archimedes a student of
Pythagoras, and many medieval Arabic authors had only the vaguest
ideas of the lives of the Greek mathematicians. What is surprising
is to see Abli Sahl relating Postulate 1 of On the Sphere and the
Cylinder, Book 1 (““The straight line is the shortest of all lines having
the same extremities.”) quite correctly and then speaking as if it
were no more than what Euclid proved in The Elements, 1, 20.

See Ptolemy’s introduction to his discussion of retrograde motion
in The Almagest, XII, 1 [24], where Apollonios is mentioned.

bi-burhan handasiyy. This must modify jehadnd in the following
line, rather than the preceding wujid, since the whole point of the
remark here is that it was the arrangement he discovered in the five
cases that led him to his conjecture about the center of gravity of a
semicircle, for which he still does not have a proof.

The reference to his having managed a proof that the ratio of the
circumference of 2 circle to its diameter is equal to the ratio of a
straight line to a straight line is to his theorem that the ratio of any
arc to its chord is as the radius of the circle to the straight line
joining its center to the center of gravity of the arc.

Since there are two major results used in the proof that the ratio of
the circumference to the diameter is 28:9, the one locating the center
of gravity of an arc of a circle and the other identifying the center
of gravity of such an arc with that of a sector of a concentric circle,
it is not clear to which ‘“‘geometrical theorem™ Ab#i Sahl refers.
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Properly speaking, the result A/P = A-B/P-B, which Aba Sahl
ascribes to Euclid, is not found in the Elements though it is immediate
from the theorems in Book XII, particularly XII, 6 and the
porism to XII, 7.

1357:20-21 Archimedes proved this in Measurement of the Circle, Prop. 1.

135Y:12

135%:13

135Y:14

1367:5
et seq.

The writings on centers of gravity, or more generally on mechanics,
which Arabic authors assigned to Euclid are Magdla fi’l-mizdn and
Kitab fi’l-thigal wa’l-khiffa waqivds al-ajram ba°dihd bi-bad. For
details see [30 V, p. 120].

The only writing of Thabit ibn Qurra known to us that deals with
the law of the lever is his treatise on the Qarastin, a work which makes
no mention of centers of gravity. (Kh.-Jaouiche [33] has published
an edition of the text of this work, together with a French translation
and commentary.) The implication that Thabit took the law as a
premise is puzzling since Prop. 3 of Thabit’s work is devoted to a proof
of the law, though it would likely not have satisfied Abli Sahl, who
no doubt considered it to be more of a discussion intended to make
the result plausible than a proof.

The attribution of an interest in mechanics to Abli Sa‘d is something
new and indicates there was more 4th century (Hijra) interest in
theoretical mechanics than has been thought up to now.

Abit Sahl’s argument is that the line through the center of gravity
of an equilateral triangle parallel to the base divides the triangle
into two disjoint parts whose areas (or weights) are in the ratio of
4:5 but the triangle still balance about that line. The reason for the
restriction to an equilateral triangle is not clear, but perhaps Abl
Sahl thought his correspondent would feel more confident of the
result in the case of a simple figure.

1357:22-23 According to W. Hinz [14, p. 35] the oke was generally 1/12 of a

136':1
1377:6

ratl so Abi Sahl is dramatically emphasizing the point that balancing
does not depend on the two weights being equal but rather on their
positions relative to the balance point.

The basic distinction in the first part of this passage is between
premises (mugaddamdt) that are “‘generally accepted” (musallamat)
and those that are “necessary” (dirruriyat). The first type seems to
include ad hoc assumptions that need a proof (even if one may not
be forthcoming for some time). The term musallamdt is a technical
term in Arabic logic and according to A. — M. Goichon [10 and 11,
pp- 151 and 13 resp.] musallomat are “admises, sans étre accompa-
gnées de démonstration . . . ”* and are ““admises (propositions), au
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This definition of ““cylinder”, if a definition is what is intended here,
is not found in Euclid, whom al-Biriini follows in the K. al-tafhim in
defining as a solid of revolution. Here again (see note to 1317:2-23),
we observe a tendency to reduce to numbers what were once distinct
geometrical genera.

Abl Sahl, in calling lines ‘“‘rational” or “irrational”, is using the
terminology of Book X of The Elements, where Def. 3 states that all
lines commensurable with a fixed straight line, or commensurable
with it in square, are to be called rational, and all other lines are
called irrational. The phrase ‘“‘more exotic than that’ in line 22 would
thus refer to lines not even commensurable in square.

1347:27-28 The theorem for circular cylinders is Euclid XII, 11, and for square

1357:1-3

1357:3-5

cylinders is XI, 32.

Abti Sahl must be referring to that fact that, given the theory of
ratios as explained in Book V of Euclid, any proof of equality of
ratios must be implicity comparing multiples. Certainly Euclid’s
proofs of his theorems on cylinders do not explicitly use multiples,
although the theorem for parallelograms and triangles (Book VI,
Prop. 1) does. (The Euclidean theory of ratios was known to the
Arabic mathematicians from at least the ninth century onward. See

[23], especially Chapters I and III.)

This proposition does not occur in the Greek text of Euclid, although
the corollary that “In equal cones and cylinders the bases are reci-
procally proportional to the heights” is the first half of XII, 15.

1357:10-14 In his treatise R. fi istikhrdj misdhat al-mujassam al-mukdfi (On

135r:16-
135V:6

the Volume of the Paraboloid) [26, No. 6, 15] Abi Sahl also makes
the remark that the proof for the case of one-half is the same as the
proof for “more than its half”.

To summarize this proof we shall, in the spirit of al-Kiihi, denote a
cylinder whose base is Y and whose height is B by Y - B. Our author
wants to show that if A-B is a square cylinder and G-B a circular one
then A-B : G-B = A:G. Following the classical method of exhaustion
he assumes first that A-B : G-B = A:D where D is an area not equal
to G. (Here in common with Euclid and Archimedes he assumes the
existence of a fourth proportional.) Suppose D<G so thereis a polygon
P inscribed in the circle G so that D<P<G. Then A:P<A:D and A:P=
A-B:P-B, “since Euclid proved that”. Thus A-B:G-B> A-B:P-B so
P-B > G-B, which is a contradiction, since “‘the whole is not less than
the part”. A similar argument, replacing P by a circumscribed poly-
gon, shows that neither is D > G. Hence, D = G and the theorem is
proved.
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(a = b):b = (¢ - d) : d, the Arabic term, tafyil, corresponds to the
Euclidean term Siudpeaig, and we have followed T. L. Heath’s practice
for the latter term and translated it separando.

1337:16 maClam al-siira. This means “known in form™, i. e., up to similarity.
See Euclid’s Data, Def. 3.

1337:19-20 kammiya miqdar ahadihimd min al-dkhar. This is the very phrase
al-Birlini uses in his K. al-tafhim [7, p. 11] in explaining “ratio”,
so the definition must have been a common one in the late 4th —
early 5th Hijra centuries. The phrase also occurs, without “miqdar”,
in line 21. (See the commentary “Metamathematics” for our interpre-
tation of this and the following discussion.)

133Y:24 The relevant theorems in Archimedes’ Sphere and Cylinder, Book 1,

et seq.  are, for the first, the corollary to Prop. 34 (whose proof makes it
plain that the surface of a sphere is equal to the lateral surface of
its circumscribed cylinder) and, for the second, Prop. 14.

1347:13-16 Since the chord of 720 is the side of a regular pentagon in the
circle, it is constructible (Elements, IV, 11), and since 10 = (1/3)%
(1/2)? 72°, it follows that the chord of 1° is constructible by anyone
who can trisect the angle. Abii Sahl, in fact, wrote on a method of
trisecting the angle by using a hyperbola [30, Vol. V, 318 - 191]),
but the point of this passage is that if one wants, in addition to the
geometrical construction, the numerical ratio of the chord of 1° to
the diameter then he can only get approximations and never an exact
expression in terms of parts of the diameter (nisbat al-kamm).

1347:26-27 the proof I gave that the straight line is equal to the curved line. By
this he may be referring to what he mentioned earlier, in 130¥:14-15,
or he may mean his purported rectification of the circumference of
a circle. His next statement that “the area of the circle is equal to
the square” must refer to a proof in a letter we do not have, although
it would have followed easily enough from his alleged rectification
and Theorem 1 of Archimedes’ Measurement of the Circle.

134¥:2 Abu Sahl refers here to the property of curves that Proklos, in his
Commentary on the First Book of Euclid’s Elements, ascribes to the
cylindrical spiral, the circle and the straight line and calls ‘“homeo-
meric”’. (See Morrow [19a], p. 85).

134V:5-6 That Abl Sahl knew of Archimedes’ Quadrature of the Parabola only
from its mention in the preface to Book I of On the Sphere and Cylin-
der is indicative of how little of the present Archimedean corpus was
known to the Arabic authors.
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1327:4-5 “ald takdfi : al-Birlini defines ““takifi al-pisba” in the K.al-tafhim

132r:6

et seq.

1327:1
132Y:6

132%:25

1337:1

1337:2

[7, p. 17] as inverse ratio and mentions the steelyard as an example.

The point of this example is that the premise Abili Sahl uses (the law
of the lever) is unsound because it implies a body will balance about
a point even when a plane through that point divides the body into
two unequal halves. For comments on the misconception that balan-
cing implies equality of weight of the objects see Berggren [5].

Wasit was a town about 200 km NW of Basra.

To judge from the list of its subjects (lines 8-10), the letter he refers
to as having just arrived is the previous one in this collection of
letters. Thus, the first part of this letter gives information on a pre-
vious letter of Abii Sahl to Abii Ishaq, in fact the “First Letter” on
our list, as is shown by Abi Sahl’s reference to “my two writings”
in 133Y:2.

This passage can be translated variously, but the supposition that
“the shaykh” refers to a third person seems to be the only one con-
sistent with AbG Sahl’s reply starting on 1387:21, for it appears from
that passage that it was not Abii Sahl who posed the problem. Our
comments on this problem may be found in Sec. 8.

tahlil This is the Arabic translation of the Greek word advdhvou,
explained by Pappos in Book VII of his Collection [21, p. 634]. Though
this book was not known to the Arabic authors, many of the work
Pappos lists as belonging to the “Treasury of Analysis”, such as
Euclid’s Data and various treatises of Apollonios, were, and on
1407:15 Abi Sahl refers to Apollonios as one who treated problems
by analysis and synthesis. The first Arabic work we know of men-
tioning analysis is the treatise of Ibrahim b. Sindn (296/909 —335/946),
his M. fi tariq al-tahlil wa l-tarkib. . . (Hyderabad, 1947). Al-Kihi
himself wrote two short works on geometrical problems solved by
the method of analysis (No’s. 8 and 9 of Sezgin V [30. p. 319]), and
among the list of titles of Ibn al-Haytham’s works we find five men-
tioning analysis, only one of which, the M. fi l-tahlil wa l-tarkib, is
known to be extant today. These examples indicate the importance
of this method in the fourth Hijra century.

tarkib. This term translates the Greek oivdeoic and can refer
either to the reverse of taklil (see above), in which case we translate
it as “synthesis”, or, as here, to an operation which produces from
the proportion a:b = c:d the proportion (a4-b) : b = (c+d) : d, in
which case we translate it as “composition”. For the opposite opera-
tion, which deduces from the proportion a:b = c:d the proportion
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et seq.  Since in Arabic the unpointed forms of the words for ““seventy” and
“ninety”are the same, Abi# Sahl is right in suggesting that the
discrepancy between his result and Archimedes’ could be due to a
copyist’s error. In his discussion of this passage J. Sesiano points
out that there did circulate in the Islamic world a version of
Measurement of the Circle in which the preof of the last part of Prop. 3
was missing, precisely that part that establishes the lower bound
3 10/3; for 7, and suggests that this must have been the version Abd
Sahl was familiar with [29, p. 288].

Perhaps it was the incompleteness of this proof combined with
the approximative approach of Archimedes’ treatise that, in the
following letter (see 137":14 et seq.), led Ab@i Sahl to dismiss the
whole treatise as unworthy of the great geometer and probably a
spurious work.

131¥:16 Since there is no mention of square cylinders in Abii Sahl’s previous
letter, and the circular cylinder is mentioned only in the context of
volume determinations (1307:10-11), it seems that Abii Ishaq is reply-
ing to an earlier letter of Abli Sahl which we do not have, and this
impression is confirmed by Abli Sahl’s mention of his two (previous)
letters in 133":2.
131V:24-25 It is hard to know how much to make of Abu Ishéq’s complaints
about the lack of any ‘“complete book™ or ““satisfactory work on the
science of centers of gravity by any of the ancients or moderns™.
Certainly the Arabic authors had Heron’s Mechanics and Book VIII of
Pappos’ Collection; but, were this all, Abii Ishiq’s remarks would be
quite understandable. However, F. Sezgin [30, V, p. 136] quotes two
titles of works of Archimedes, the first a K. fi musawdt al-mayl (“The
Equalization of Inclination”) and the second a K. fi’ l-mucddalat
min al-ashkal allati stu®mila fihd@’l-amhal (““On the Equilibria of
Figures, in which levers are used’). Both titles are in fact cited by
Heron [13, 67:3] but we have not been able to ascertain whether
actual MSS of these works are known. However, J. Hogendijk has
drawn our attention to a passage that occurs in the beginning of
Abii Sahl’s Treatise on the Construction of the Regular Heptagon in the
Circle where Ablu Sahl refers to the high regard mathematicians of
his time had for Archimedes’ works, citing “his existing books such
as the Book of the Centers of Gravity and the Book of the Sphere and
the Cylinder. . . Thus, Abt Sahl had as a base from which to begin
his work a treatise of Archimedes dealing with centers of gravity, but
which work this was is not clear. We do know, however, from Abii
Sahl’s remarks on 135Y:12 and 136":10, that, whatever work it was,
it did not contain a proof of the law of the lever.
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Al-Khiazini reports another work of Abi Sahl on centers of gravity,
[18, p. 27], containing theorems about heavy bodies in liquids (*“jis-
mun thaqilun fi ajsimin ratbatin”) but no references to “liquid
bodies”. Perhaps Abfi Sahl means by liquid bodies those of irregular
shape conceived of as blown in glass and filled with liquid in order
to have weight.

Under the word “four” in this line there is an arrow and in the left
margin is an arrow with sab‘a (unpointed) written next to it. There
is no apparent reason for this.

1307:27-29 The numeral forms are extremely close to those of the Bodleian

MS of al-Qaniin al-Mas®idi (copied 1082 A. D.) displayed by R.A.K.
Irani [15, Plate 1, p. 4] in his study of Arabic numeral forms. The
numerals found in C differ most in the form of *“2”. **6” and “8”.
The numerals do not appear in D since the chart itself does not

appear.

130%:14-15 that straight line is elways equal to an arc. He is referring to the

straight line GD in Fig. 4, for, in his example of this on 130":22, he
names the line, and he says he has proved it — evidently-in his Book
of Centers of Gravity.

131r:2-23 Abi Sahl’s proof may be explained as follows: By histheor em on

131r:24

the center of gravity of an _are, BD : DE — ABG : AG — }(ABG)
3 AG= BG:BD, so BD* = BG x DE. By assumption ZD:DB = 3:2
so ZD? : BD? = 9:4, and, thus, ZD?: BGC x DE — 9:4. Since his
other theorem implies E is the center of gravity of the larger semi-
clrcle TZH hls ‘wonderful arrangement” implies DE: ZD =3: 7, so
BG x DE : BG x ZD = 3 7=4:9% . Ex aequali, and simpli-
fying, we conclude ZD BG = 9 : 9% ; but, since similar arcs are
as their radii, BG :ZT —=2:3 = 9 3 :14. Thus, again ex aequali,
ZD : ZT = 9 : 14. Hence, 9 : 28 = 2 (ZD): 4(ZT) = HT : 2 (1Z1).

The phrase ex aequali, which appears throughout this corres-
pondence, renders the Arabic bi’l-musdwat and refers to The Elements,
V. 22.

The multiplication of an arc by a straight line on line 4 shows
that for Abil Sahl the barriers separating number from magnitude
no longer exist. He attempts to give no geometrical interpretation
to the product, and he plainly behaves as if he were taking the pro-
duct of a number by another number.

Abii Sahl here refers to Prop. 3 of Measurement of a Circle.
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378/988 and their mutual interest in scientific matters led to a friendship which,
later, when Sharaf al-Dawla died in 989 at the age of 27 and Abi Sahl left
Baghdad to go to Basra, gave rise to this correspondence.

On the basis of these considerations we conclude that, although the year
373/983 is a possibility, the weight of evidence supports our conjecture that
the correspondence took place during the year 381/991.

V. General Commentary

129Y:9

129%:14

qit°a min d@’ira This means, literally, “a segment of a circle”, but it
refers either to the area or arc of a sector of a circle, according to the
context. For example, Abli Sahl’s remark in 130":3 about “gqifatdn
min dd’iratayn”, that, under certain conditions, ‘“the center of gra-
vity of the arc of the smaller of the two and the center of gravity of
the surface of the larger of the two is one’, is true for sectors, but
not for segments. He goes on in line 9 to call this surface ““a sector”
(qita‘), which is not the usual name for the surface of a segment,
so we shall translate git@® as ““sector’.

In the Fihrist al-Nadim cites this lost work of Apollonios (20, p. 637)
“The Determined Ratio, two sections — Thabit (b. Qurra) corrected
the first, the second is translated into Arabic but is not clearly un-
derstood”. This latter remark conforms well to the impression created
by the references in this correspondence (see also lines 24-25). We
believe this work is an Arabic translation of thework cited by Pappos
in the seventh book of his Collection under the title Didrismene Tome
(i e. The Determinate Section) [21, p. 642] and whose subject, as ex-
plained by Heath [12, II, p. 180], is, “Given four points A,B,C,D, on
a straight line, to determine another point P on the same straight
line such that the ratio AP - CP: BP - DP has a given value”.

129V:26-27 thaldthat ashkal aw arba‘e mudawware To translate this as “three

1307:7

or four circular theorems” has a connotation not intended by Abii
Sahl, so we have chosen to use the basic meaning “figures” as the
translation of ashkal. What he means is “‘theorems dealing with
circles”, so they would have circular figures.

ajsam sayydla wa ghayr sayydla
The meaning of the phrase “liquid and non-liquid bodies” is
obscure but this translation is the best we can do with a text that
seems corrupt. Since all three MSS agree on the reading we have not
attempted to amend the text; however, if the intended meaning was
as we have translated it, one would have expected
Pw plrl < & > @)!, Dol JEYI e et g oYk
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results on the barycentric theory, for the first letter we have from him announ-
ces in an obviously proud tone the many results he had discovered on centers
of gravity. As to when he began investigating these matters we obtain a clue

Ffrom the preface to his treatise Fiamal al-musabba“ al-mutasdwi al-adla® fi
d@’iratin ma®limatin (MS Paris BN 4821, f. 17%), which begins “There appeared
in the time of mawldnd, the great, victorious King “adud al-Dawla, may God
prolong his life and continue his authority, many of the noble sciences, belles
lettres, fine arts. . . just as there appeared many geometrical theorems which
did not appear in the time of one of the (other) kings despite their efforts to
make them appear and their struggle for their derivation, for the reason that
they knew that this kind of the mathematical sciences (al-“uliim al-ta’limiyat),
such as (the sciences of) astronomy, number, weights, centers of gravity and
similar ones are among the philosophical disciplines. . . ”.

Even discounting the flattery apparent in the above dedication it seems
there was a flowering of the mathematical sciences under the patronage of
€Adud al-Dawla (see eg. E. I., IT (8?), and we believe the reference to ““centers
of gravity” refers to Abl Sahl’s own discoveries in this area. Thus, it appears
that this correspondence, which was written after Abli Sahl had done a con-
siderable amount of work on the barycentric theory, took place during or after
the reign of “Adud al-Dawla, i. e., the years 367/978 — 373/983 during which
Abii Sahl made his first discoveries about centers of gravity.

The other clue to the date of the correspondence is the date Abu Ishaq
gives to his first letter, Sunday, the eighth of Safar. Since he, who was by
profession a government official, is not likely to have used the astronomers’
calendar (see Kennedy [16, p. 232] for the different calendars) to date his
correspondence, we are able to list the possible dates for the first letter of
Abti Ishigq, i. e. the years between 367 and 384 when 8 Safar fell on a Sunday.
They are the years 368/978, 373/983 and 381/991 (see Wustenfeld [31, p. 9]).
The first is the least likely of the three since it was too early in the reign of
€Adud for Abii Sahl to have done as much on the barycentric theory as this
correspondence suggests he had. Also Abfi Ishaq had just been incarcerated
by ‘Adud ard told to start writing a history of the Biiyids to atone for his past
lack of support of “Adud’s cause. The second one, just at the end of ‘Adud’s
reign, is perfectly possible, but our impression is that Abii Sahl was a favorite
of ‘Adud and stayed in Baghdad during his reign, and if this is so, it hardly
accords with Abfi Ishiq’s lament in the correspondence that “the times do
not give him his due”. What would accord with this remark is the very last
possibility, 381/991, for then the last of Abii Sahl’s patrons, Sharaf al-Dawla,
had died, and the observatory in his garden, where Abii Sahl had directed the
observations Abfi Ishdq witnessed, had been closed. This would also explain
how it happened that Abii Sahl and Abli Ishiq had even begun the corres-

pondence; namely, they got to know each other in Baghdad around the year



THE CORRSPONDENCE OF AL-KUHI & AL-SABI 71

(5) The Qadi Aba°Ali Ribas b. Barnas (132Y:4). The name is unpointed in
all MSS and various pointings have not led to a name mentioned in the
sources listed in (4).

(6) Abu 1-Mufaddal al-Anpsari (132':7). The name is completely pointed in
all MSS but that has not helped to identify him.

(7) Euclid (1347:9,12; 134Y:27; 1357:1,3,8,,9: 135":12; 136":6,,7,18,20).
Although this Alexandrian mathematician is best known for his Elements,
he is also cited in this correspondence for his Data and as the author of a
work on the law of the lever.

(8) (Klaudaios) Ptolemy (1347:16; 136Y:29; 137':16,26). Abua Sahl cites
Ptolemy, who flourished in Alexandria around 135 A. D., as the author
of The Almagest.

(9) (Abi Ishiq) Ibrahim b. Sindn (b. Thabit b. Qurra) (134":7; 136":26-27;
1387:6,11,13). A grandson of Thabit, he lived in the first half of the 4th
Hijra Century and is mentioned here only for his treatise on the measu-
rement of a parabola. Studies done to date on his works make it clear
that he was one of the best mathematicians of his time.

(10) Abti Sa®d (al-“ald’) b. Sahl (134":7; 135":14). Since Suter (32, p. 82)
already noticed that Abt Sa®d commented on Abli Sahl’s treatise on the
astrolobe, and since we now have the latter conveying an opinion of the
former, it is certain that the two men were contemporaries. Although we
do not know of a treatise on the area of a parabola by him, as mentioned
by al-Kiihi, there is a short MS, Paris 2457/29, entitled On the Properties
of the Three Sections.

(11) Aristotle (137":8).

(12) Galen (137':9). One of the greatest physicians of antiquity. he flourished
in the last half of the second century A. D.

(13) Hipparchos (137V:12,13). He flourished in Rhodes in the mid-second

century B. C. and was known to Abf{i Sahl through Ptolemy’s mention
of him.

IV. The Date of the Correspondence

There are two events which fix the interval during which this correspon-
dence was written. The first is the accession of the Bilyid ruler “Adud al-Dawla
to the kingship of the Biiyid dominions (largely Iraq and western Iran) in
367/978, and the second is the death of Abli Ishdaq al-Sabi in 384/994, (19).
Although the relevance of the second event for dating the correspondence is
plain enough the first requires some explanation.

To begin with, the correspondence leaves the distinct impression that it is
taking place at a time when Ab{i Sahl had already obtained a large number of
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is as the ratio of DZ to ZB, and the square of line ZB is equal to the prodact
of line GZ by ZA, since the line ZB is (11) tangent to the circle, it follows that
theratio of the product of the line EZ by ZD to the product of theline GZ by ZA
is known. Thus the point Z is known (12) by Apollonios” Book of the Determinate
Ratio. Consequently, the line ZBW tangent to the circle is known, (13) and
that is what we wanted to prove. (14) Other approaches: Similarly there are
many approaches to the first figure but I wrote only one of them by synthesis,
(15*) for if I had written the other approaches and used analysis and synthesis
and division (into cases) and diorismos, as Apollonios did (16) in some of his
theorems, our composition would be (very) long. I hope that he will attend
to that (which we have written) with (his) blessing, God willing. (17) The
letter is finished and much praise be to God, Lord of the worlds, and God bless
and grant peace to His prophet Muhammad and his family, the good.

ITI. Persons Mentioned in the Text

We provide, for persons (other than the authors) mentioned in the text,
some bio — and bibliographical information based primarily on the material
in Sezgin (27). We begin with the full name, as given by Sezgin, enclosing in
parentheses those parts not cited by Abli Sahl or Abi Ishiq. Immediately
after the name parentheses enclose the page and line numbers in this treatise
where the person is mentioned. The information following this mainly con-
cerns the work (s) to which our authors refer. The order in our list is the order
in which the names appear in the correspondence.

(1) Apollonios (of Perga) (129¥:14.23,28; 134Y:11; 136':29; 1407:12,15).
Astronomer and mathematician known for his Conics but cited in this
treatise as the author of Cutting-off @ Determinate Ratio. Fl. ca. 210 B. C.

(2) Archimedes (1307:9; 1317:24,29; 132V:18; 133":26; 1347:1,4; 134%:6,11;
135¥:1,12: 136":5; 137':,7,15,16,17,27,28; 1387:6,11,13,14,,16,17).
The works of this greatest of the ancient mathematicians cited in this
correspondence are Sphere and Cylinder, Measurement of a Circle and
The Lemmas. Fl. ca. 240 B. C.

(3) (Abu’l-Hasan) Thabit b. Qurra (b. Zahrin al-Harrani) . (1307:11; 134%:7;
135Y:12; 136':27-28; 1387:6,11). He flourished a century before this
correspondence occurred and was distinguished both for his translation of
Greek and Syriac works as well as for such original compositions as his
measurement of the parabola and paraboloid and his study of the nnequal
arm balance (garastiin), all of which are referred to in this correspondence.

(4) Abd Shuja® Shahriban b. Sirkhab (132Y:3). The name is pointed thus in C
and D and this is consistent with what pointing there is in I. The name is
not listed in Qifti, al-Nadim, Ibn Abi Usaibi‘a or the standard Western
bibliographies, but he and the following two were contemporaries of the
correspondents.
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Fig. 15 (for 139v: 18)
In I D is placed very near G, evidently
so that line ET will not become too long.

consequently the line ZBW is known, and that is what we wanted to prove.
(8) Another approach: Since the known ratio of the line WZ to the line ZB is
as the ratio of the product of line WZ by ZB to the square (9) of ZB, and the
product of line WZ by ZB is equal to the product of line EZ by ZD, since the
two triangles EWZ, BDZ are similar, (10) and (since) the ratio of WZ to ZE

m
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Fig. 16 (for 140r: 8)
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and the point D is known, so each one (9) of the two points Z, K is known.
Thus, the line ZB tangent to the circle is known, and that is what we wanted
to prove. (10) Another approach: Since the ratio of the line BZ to ZW is the
known, if it is as the ratio of the known line DB to the line WT (11) the line
WT will be parallel to the line BD, and it will also be known in magnitude,

\u

T, E G D, A 4
Fig. 14 (for 139v: 10)

and so its square will be known; but, the square (12) of the line WT will be
equal to the product of the line ZT by TE since the angle ZWT is right, being
equal (13) to the right angle ZBD. Now the ratio of the product of line ZT by
TE to the product of TE by TD is known, since it is (14) as the known ratio
of the line ZT to the line DT. So the product of line DT by TE is known, and
the line DE is known, (15) so the line ET is known. The point E is known, so
the point T is known, and thus the point W is also known (16) since the line
TW is known in magnitude. Consequently, the line WBZ tangent to the circle
is known and that is what we wanted (17) to prove. (18) Another approach:
If the known ratio of the line DE to the line DB is as the ratio of the line TE
to ZB (19) the ratio of the line TE to ZB will be known, and the line TDB will
be straight if the line TE is perpendicular (20) to the line GD. The ratio of the
line ZB to the line ZW is known, so the ratio of the line ET to the ZW is known.
(1407:1) Thus the ratio of the square of the line ET to the square of the line
ZW is known, and the ratio of the square of the line ZW to the product of the
line (2) ZW by WB is known, since it is as the ratio of the line ZW to WB.
Thus the ratio of the square of the line ET to the product of the line (3) ZW
by WB is known. But the product of the line ZW by WB is equal to the pro-
duct of TW by WE, by the similarity of the triangle ZWE (4) to the triangle
TWB, and the ratio of ZW to WE is as the ratio of TW to WB. Thus the ratio
of the square of ET to the product (5) of TW by WE is known, and so the
ratio of the line TE to the line EW is known. Hence, the ratio of the line ZW
to (6) the line WE is known, and the angle ZEW is known since it is right, so
the triangle ZEW is known in form. (7) Thus the angle AZB is known, so
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of the line TT to the line I'X; (6) but, the ratio of the line Dd to the line dE is
as the ratio of the line XTI to the line T't, so ex aequali ihe ratio (7) of line Bd to
line dE will be as the ratio of line TI to line I't. So, if we invert, the ratio of
the line Ed (8) to dB will be as the ratio of line tI' to the line I'T. Now the ratio
of line Bd to line dZ is as the ratio of line TT (9) to line T'K. Thus, ex aequali
also, the ratio of line Ed to line dZ will be as the ratio of line tI" to (10) line I'K.
Now, if we compose, the ratio of the line EZ to the line Zd will be as the ratio
of line tK to line KI'; but, the ratio (11) of line dZ to line ZB is as the ratio of
line I'K to line KT, so ex aequali also the ratio of line EZ to (12) line ZB will be
as the ratio of line tK to line KT, and the ratio of line WZ to line ZE (will be)
as the ratio of line HK (13) to line Kt, since the two triangles EWZ, HKt are
similar. Thus, ex aequali also, the ratio of the line WZ to the line (14) ZB will
be as the ratio of the line HK to the line KT, so, if we separate, the ratio of
the line WB to the line BZ will be (15) as the known ratio HT to TX, and that
is what we wanted to prove.

(139":1) (1) And this, if the line AGE is not the diameter of the circle and
the angle AEW is right. And as for (the case) if the line AGE is the diameter
(2) of the circle and the angle AEW is right then we said it is easy, since the

D ¥4
Fig. 13 (for 139¥: 1)
Tn I the line BTis drawn as a radius and D falls midway between T and G.

known ratio of the line WB to the line BZ (3) is as the ratio the line ET to the
line TZ when BT is perpendicular to the line AG. So the ratio of line ET to
line TZ (4) is known, and if we make this ratio as the ratio of the line DT to
TK the ratio of the remaining known line, ED, (5) to the remaining (line),
KZ, is known. Thus, the line ZK is known, and the ratio of the product of the
line ZD by DK to the product (6) of the line ZD by DT is known, since it is
as the ratio of the line DK to DT, DZ being a common altitude to them both.
(7) The product of line ZD by DT is known, since it is equal to the square of
the line DB, and so the product of line ZD by DK is known. (8) But we have
proved the line ZK is known, so each one of the two lines ZD, DK is known
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the angle HKt, and the construction of this is easy. Then I say that the ratio
of the line WB to the line (10) BZ equals the ratio of the line HT to TK. The
proof of that: If we make the line YK equal to the line DS so that (11) there
remains the line kQ equal to the line SO, and we make E6 equal to the line Yk
also, so that the line EY will be (12) equal to the line 0k, (then) since the ratio
of the line Yk to the line kQ, I mean the ratio of the line DS to SO, is as the
ratio (13) of the line DE to EN, and (since) the ratio of the line DE to EN is
as the ratio of the line CE to the line YE, since the two lines CD, NR (14) are
parallel, then the ratio of the line CE to the line EY is as the ratio of the line
Yk to the line kQ. And the line YE is equal to the line (15) 0k and the line Yk
to the line EO, so the ratio of the line CE to the line 6k is as the ratio of the
line E6 to the line kQ. (16) Thus the ratio of the sum of the two lines CE, ES,
I mean the line C0, to the sum of the two lines 6k, kQ, I mean the line 6Q,
is as the ratio (17* ) of one to its associate, which is as the ratio of the line DE
to EN. But the ratio of the line DE to EN is as the ratio of the line LT to
(18) TM, and so the ratio of the line CO to the line 0Q is as the ratio of the line
LT to the line TM, and so, if we compose, then convert (and) then invert (19)
the ratio of the line 6C to CQ will be as the ratio of the line TL to LM. Also,
since angle Q is equal (20) to angle M and angle QDE is equal to angle MtF,
which is on arc MKF, and similarly (angle) EDC is equal (21) to angle FtL,
then the remaining angle DCQ of the triangle DCQ is equal to the remaining
angle tLM of triangle tLM and (22) the two triangles are similar. Thus the
ratio of line CQ to line CD is as the ratio of line ML to line Lt, and ex aequali
(23) the ratio of line 6C to line CD will be as the ratio of line TL to Lt. Now
the ratio of line DC to line CE (will be) (24) as the ratio of line tL to LX since
the two triangles DEC, tXL are similar, as we proved. So ex aequali also (25) the
ratio of line 0C to line CE (will be) as the ratio of line TL to line LX. Thus, if
we separate, the ratio of the line 6E to (26) the line EC is as the ratio of the
line TX to the line XL; but, the ratio of the line CE to the line ED is as the
ratio of the line LX to the line Xt. (27) Thus, ex aequali, the ratio of the line
O0E to the line ED will be as the ratio of line TX to line Xt. Now the line 6E
(28) is equal to line DS, 1 mean line DB, since D is the center of the circle, and
the ratio of line BD to line DE is as the ratio of line (29) TX to Xt. Also, since
angle AZB equals angle TKT', and the right angle ZBD is equal to the right
angle KTT' the remaining angle BdZ,

(1397:1) I mean angle DAE, is equal to the remaining angle TI'K, I mean
angle XT't, since the two of them (2) are opposite (i. e. vertical angles); and,
the angle dED is equal to angle I'tX so the remaining angle is equal (3) to the
remaining angle, so the two triangles EDd, tI'X are similar. Thus the ratio of
line ED to line Dd is as the ratio (4) of line tX to XI' and ex aequali also the
ratio of the line BD to the line Dd will be as the ratio of line TX (5) to line XT.
So, if we separate, the ratio of the line Bd to the line dD will be as the ratio
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Fig. 12 (for 138r: 26)

to BZ is as the ratio of the line HT (29) to the line TK. Thus we construct
on the line HTK an arc in which falls an angle equal to angle AEW,
(138":1) and let it be arc HLK, and we complete the circle HLKM and make
the line LTM perpendicular to the line HTK. (2) We draw the line DE and
produce it in a straight line in both directions and make the ratio of the line
DE to the line EN equal to the ratio of the line (3) LT to the line TM. Similarly
the ratio of the line DS to the line SO equals the ratio of the line LT to the
line TM. Now we make (4) the arc KF so that the angle on it is equal to the
angle DEG, and we make the angle EDC equal to the angle on the arc LF,
and we make (5) the angle EDQ equal to the angle that falls on the arc MKF,
We draw the line NR parallel to the line DC, (6*) and at the point E we draw
the line CEQ so that there results from it the line YQ equal to the line DO.
We have shown how to do that (7) in many places, and it may often happen
that we do not need (for this purpose) to resort to conic sections. Then we
make angle LMt equal (8) to angle DQE and join lines tK, tF, tL, tH.
We make the line WBZ tangent to the circle (9) and the angle ABZ equal to
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(6) way of measurement and the way of

Archimedes, Thabit, and Ibrihim ibn B
Sinan, by which it appeared that the

two (parabolic) sections (7) ABD, BGE

are a third of the triangle ABG, exactly E

rather than only approximately. By

the method of adding the triangles, by

calculation (8) it is not possible that

we are led to truth at all, since there

are infinitely many triangles, and bet- G A
ween the method which is only (9) Fig. 11 (for 138r: 2)

by approximation and of which one

does not except that it is ever exact and the method which is only exact,
(10) and which cannot be approximate at all, there is no analogy. And if,
despite this, I were to come upon a way to measure the parabola (11) by adding
the triangles as we said, i. e. by adding the fourths and the fourths of the
fourths and it were written “This is Ibrahim ibn Sinan’s,” (12) much less
Thabit’s or Archimedes’, and it were of extreme precision, I would say that it
is not his but (only) attributed to him. (13) Ibrihim is above seeking anything
by this method, so how much more Archimedes. Similar to this, it is my opinion
about the discovery of the ratio (14) of the diameter to the circumference by
that method, that it is not Archimedes’ but (only) attributed to him. Archi-
medes is above (15) seeking the measurement of the circumference of the
circle by this method, and it is like the thing with the measurement of the
parabola (16) by adding the triangles, and all of this is because of the greatness
of Archimedes in our opinion and the abasement of that method of calculation.
(17) So the shaykh should not conclude that between us and Archimedes
(18) or any mathematician there is disagreement concerning anything, (19) and
especially concerning what refers to geometry and a geometric proof, (20) such
as the barycentric theorems and that which is known (21) that follows from
them. As for the problem that was posed to my lord the shaykh and is divided
into cases and (some of which) he solved — (22) may God maintain His support —
and some of which he did not solve, I understood it and investigated what he
solved and what remains. (23) I found what he solved to be pleasing and
thought about the remaining, and so I solved this portion of it, that is if there
is any angle (24) whatever and any section of a circle. As for when the angle
is right and the section is (25) a semicircle, then it is easy, and when it is not
like that but the angle and the section are arbitrary, (26) then let the circle
ABG, whose centre is D, be assumed, and the line AGE be either the diameter
of the circle (27) or otherwise, and the known angle AEW be internal or ex-
ternal. We want to find a line (28) that is tangent to it (the circle) and termi-

nated by the two lines AZ, WE, such as the line WBZ, so that the ratio of WB
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assertion of the superiority of Hipparchos, and his (Hipparchos) advancement
(13) and his accomplishment and his fairness and his preference for that which
is true, says in his book The Almagest that there occurred in the calculation of
Hipparchos (14) an error, but he does not intend by that to~degrate him — and
how could he when he (Hipparchos) is in his opinion the most superior person.
Similarly (for) the calculation (15) of the ratio of the diameter to the circum-
ference by Archimedes. Although it is not clear to us that this calculation has
missed the mark, in my opinion, (16*) it is (merely) attributed to Archimedes
and does not befit him, so if we were to say it is not his work, it would be nearer
(the truth) and it would be nearer to (17) praising (him) than our saying that
it was his, because the opinion (expressed therein) is not his opinion, the pur-
pose is not his purpose. Archimedes never had (18) as his purpose any such
thing as this, neither in The Sphere and the Cylinder, nor in The Lemmas, nor
in other books (19) of his. We never saw mention of this (book) anywhere in
his writings, like the mention of the area of the parabola in the preface to the
Book of the Sphere (20) and the Cylinder, along with the mention of some of
his (other) derivations. Neither did he use that in some theorem, since (21) it
is clear that that method does not lead to the truth at all. Rather it is an
approximation and his purpose always is to discover (22) knowledge of things
exactly — not approximately, such as the discovery of the ratio between the
square and the parabola, (23) and between the circle and the spher.cal surface,
and between the sphere and the cylinder and the cone, etc., (24* ) an exact
discovery and not approximate. Also, this (method of) calculation (in Measu-
surement of the Circle) although it is impossible that it is ever exact, is not
(25) very fine, since its calculator did not revert to chords finer than the chord
of four degrees less one-fourth, (26) and this is very coarse compared to what
is done in the Almagest since Ptolemy reverts to a chord approximating half
(27) a degree, which is much finer than this by quite a bit. Because of (all) this
I say this (work) is (merely) attributed to Archimedes and this calculation (28)
is, in my opinion, not like a work of Archimedes. And it is not a work of pro-
ficient calculators or astronomers either, so that if (29) we were to attribute
this derivation to one of our companions, he would not be pleased by it, much
less glory in it, since this is like a work

(1387:1*) of one who seeks the area of a parabola from the collection of
triangles in it that are constructed on its diameters (2) by adding the fourth
and the fourth of the fourth. For example, the triangle that is on the diameter
of the parabola is first ABG, (3) and next the two triangles ADB and BEG,
which two are a fourth of the triangle ABG, and similarly (we construct) the
succeeding triangles, (14) which are a fourth of the fourth, and they proved
that. And whoever adds the fourths more (times), I mean the triangles that
are in the parabola (5) as we described, he will be finer (in his approximation)

and nearer to the area of the parabola. But what a difference between this
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of nine to twenty—eight, it is a consequence of two things, one of them a geome-
trical theorem about which there is no doubt (20) and the other is that arran-
gement, ordering, and natural thing of which we are not so certain as we are
of a geometrical proof. (21) For this reason we say that the ratio of the diameter
to the circumference being like the ratio of a straight line to a (straight) line
or a number (22) to a number is without a geometrical proof, since we hesitated
how we could be certain of it. As for this ratio being equal to the ratio of nine
(23) to twenty—eight this is uncertain until a geometrical proof is established
for the sounduess of this, the evidence for which (24) is the arrangement and
the natural matter, or (until oneis established) for its falsity, or for the falsity
of one of its consequences, i.e., that its ratio is as the ratio of nine (25) to
twenty—eight. Now if one were to establish a proof for the falsity of its conse-
quence that would be astonishing, because it would be a proof of (26) the falsity
of that ordering and arrangement and of this one being an exception to the
arrapgement of the five for which a proof was furnished, (27) as if it isin a
natural arrangement, and more astonishing than that that there should be
error in it that escaped the people whose (28) trust in certain things is on
account of the natural matter, in contradistinction to the geometrical proof.
In his opinion the reason becomes clear (29) for my difficulty in proving it up
to now since it is an indication that it is not due to my inability but the thing
(137":1) in itself is incorrect, non-existent, and it is for this (reason) we say
that the result is in suspension. Now we had written to him (2) before that,
““What is the path to the discovery of the ratio of the diameter to the circum-
ference ?”’, and I said that it was not among the totality (3) of the barycentric
theorems, all of which are by a geometrical proof, that we may come to grips
with it and demand of it what one would require of it in terms of (4) the soun-
dness of its premises. By premises I mean the theorems to which it reverts.
Furthermore, the shaykh wrote that if the ratio (5) of the diameter of a circle
to its circumference is equal to the ratio of a number to another number, and
particularly to the ratio of nine to twenty—eight (6*) that would be amazing.
He said, “More astonishing than that is the discrepancy between it and what
Archimedes has set forth”. I understand that, but the matter is not as (7) he
fancied, and (indeed) there never was disagreement between any of us an
Archimedes. That cannot be, because disagreement between (8*) scholars in
the things of which their knowledge is through opinion, dogma, an likelihood
as it was between Aristotle (9) and Galen and other physicists in the matters
of the psyche, and the conditions of the faculties, and similar things. (10) As for
the things that refer to geometry and arithmetic they name “erroneous’ that
which is erroneous and (identify) negligence (11) where negligence occurs, for
they know that disagreement quickly disappears when they look into it.
Error in arithmetic, when it occurs, (12) is not strange, nor does it indicaet the
inferiority of him who commits it. Do you not see that Ptolemy, in spite of his
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(propositions) that need to be postulated as my lord the shaykh thinks; but I
mean what our companions mean by this term, and they (26) mean by “pre-
mises” the theorems to which that thing aimed at reverts. Do you not see that
(when) they say Ibrahim (27) ibn Sinin deduced the area of the parabola
without a premise they mean without any other theorem to which it reverted,
and (when they say) that Thabit (28) ibn Qurra deduced it with such-and-such
a premise they mean those theorems to which the thing aimed at reverted,
(29* ) and (when) Ptolemy says in the 4lmagest that Apollonios made a pre-
mise for this, he means by it the theorem that

(1377:1) was made before the theorem by which is known the situation
(station) between the retrogradation of the planets and their forward motion,
and the examples of that are many. (2) So it is evident they mean by premises
only the very theorems to which the theorem reverts, not as the shaykh thinks,
(3) and thus was my intention by the premises of which I wrote to him. No-
thing else came to my mind, and for this reason I inquired when I saw (4) in
his writing mention of ““the generally accepted premise” — on which neither
our companions nor we relied, nor is it (5) used in our science as it is used in the
science of others. So, since the affair is thus, the notion that (6) a generally
accepted premise is (used) in the science of others is nearer (the truth) than
that it is used in our demonstrative science. As for the centers (7) of gravity
of the six figures about which I wrote to my lord the shaykh, I said that they
are arranged in a marvellous order (8) of numerical ratio, and I made a chart
for them, and I ascribed them to an arrangement of deeds of the Creator, to
Whom belong might and majesty. And my lord says (9) that if it is like that
then it is a beautiful arrangement, as though a natural matter. We found all
of it by a geometrical proof, (10) except that for the centers of gravity of five
of them we found, after their discovery, that they really did occur according
to that arrangement (of) which (11* ) we wrote to him, by a geometrical proof,
while (for) one of them, the semicircle, after the discovery of its center of
gravity, (then) by a geometrical proof (12) we endeavored to inquire whether
its center of gravity occurred on the diameter at that point which that arran-
gement indicated for it (13) or not. However up to now a proof of it has not
been furnished, as had been furnished that the five are arranged according to
that ratio, (14) except, in all liklihood and almost certainly, that that one is
also in this arrangement (seems) nearer (the truth) than that it is an exception
(15) to it, because of the arrangement and the natural matter. If, up to now,
the proof of it has been impossible , it is due only to its distance (16) and its
obscurity from our knowledge, and we attribute that to our weakness in this
art and our need of greater power than (17*) that (we have) to manage a proof
of that as we managed for the five cases and (that of) the ratio of the diameter

to the circumference being equal to the ratio (18) of a straight line to a straight

line or a number to a number. As for this ratio (19*) being equal to the ratio
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plained about centers of gravity and have given a proof of it. And as for his
pointing out (136":1 ) that this premise belongs to the category of those
(premises) generally granted, if he means that it was generally granted by the
ancients, who were (2) before us and investigated this science, then “Yes”’, but
if he means that it was granted by us, then “No”, since we proved it. (3) By
our proof it left (the realm of) premises, whether necessary or otherwise.
There occur in the totality of geometrical theorems (4* ) (such statements)
as the statement that two sides of a triangle are longer than the remaining side.
That was a necessary premise (5) according to Archimedes, since the knowledge
that the shortest line joining two points is the straight line (6) was necessary in
his opinion and up to the time of Euclid, but when Euclid proved it it was
removed from the totality of premises (7) and was transferred to the geome-
trical theorems and for this reason it was not (simply) a generally accepted
premise for Euclid or the people who (8) came after him who investigated his
proof, even if it had been considered so for those who came before him. Thus
the ratio of weight (9) to weight, according to what we have described, is not a
premise for us or for the people who will come after us and who will look into
the proof (10) that (we gave) for it, even if it was (considered) a premise by our
predecessors since there was no proof for it, as we know. (11) Since we dis-
covered the proof of it, it was removed from the realm of premises and was put
into the realm of theorems. Since the matter is (12) thus, there is neither here
a generally accepred premise, in any way, nor in any other place at all, (13) and
we never assumed a premise for ourselves in anything, but proved it, for how
could this be since our knowledge is so extensive as not (14) to need any gene-
rally accepted premise, neither is this our wont nor that of our companions.
Indeed, how (15) could that be allowed, in our opinion, since a generally accep-
ted premise might be false and whatever is deduced from the false is false.
(16) How could we rely on a premise which is of this sort according to us?
When was that? Where is it found? What place and in what (17) theorem?
How could we use a generally accepted premise in our demonstrative sciences
when, in our opinion, whatever is deduced from a hundred (18) premises,
ninety-nine of which are necessary like the necessary ones of Euclid and one
of which is generally accepted, (19) will follow that one and not the ninety-nine.
How could we use a thing when (20) we consider it to be as false as we have
described. As if the necessary ones of Euclid did not suffice us in our science
(21) and we want more than them and their consequences. No. It is nothing
of that (sort), nor is a generally accepted premise used in our sciences. (22) But
if he means by ‘“‘generally accepted premise’ those necessary ones themselves,
as some people do, then this is a matter for discussion between us (23) and
them. As for the premises that I mentioned in my writing, and to which I said
reverts the discovery of the center of gravity of a segment of the sphere (24) and
a section of the circumference of a circle and of curved line and that the curved
line is equal to a straight line, and the like, I do not mean (25) by premises
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him, that the area from (4) the place of suspension to the line AB must incline.
(5*) (Here is) a demonstration for that. The center of gravity of the equilateral
triangle ABG, (6) which he does not doubt is (7) its (the triangle’s) middle
(point), let it be D. D isin the place (8)
where the ratio of the line ED to the
line AD (9) is equal to the ratio of one
to two and this is clear; so, if we com-
pose, the ratio of theline AE to the line
AD is equal to the ratio of three to
(10) two. Hence, the ratio of the square
of the line AE to the square of the line
AD is equal to the ratio of nine to four.
But the ratio of the square (11) of AE G E

to the square of AD is equal to the ratio Fig. 10 (for 136r: 5)

of triangle ABG to triangle AZH when M3, Thigs: mislabelled D as #4622,
the line ZH is parallel to the line BG (12) because the two triangles ABG, AZH
will be similar. Thus, the ratio of triangle ABG to triangle AZI is (13) nine to
four. So, if we subtract, the ratio of the trapezoid ZBGH to triangle AZH is
equal to the (14) ratio of five to four, so these two are not equal. Rather, the
area of ZBGH, the trapezoid, is greater. Despite (15) this, the center of gravity
of the two of them taken together is D, and (so) it is the (proper) place (16) of
suspension without doubt, since triangle ABG (17) is equilateral. So, if someone
thinks that when (18) the place of suspension is at the point D it (the triangle)
inclines to (19) the side BG, since the area in the direction of BG, (20) i. e., the
trapezoid, is larger , it would be a mistake, and that is what we wanted to
show. (21) Clearer than this is that if someone were to consider a piece of wood,
on whose top is a piece of iron, such as an axe for example, and it were to
balance (22* ) parallel to the horizon by some attachment, he would see that
(it does not incline) either in the direction of the iron (which) is perhaps nearly
a ratl or in the other direction (23) (though it be) not even an oke. He would
know that experience is contradictory to the thought (he had), and (so) it
will not occur to him about other objects that, the place of suspension (24)
being in the direction of the larger (weight), it is necessary that there be an
inclination. And it is clear that experience in what he sees is conformable to
the premise (25) without doubt. So, if the matter is thus, it is certain that the
premise which the ancients used about centers (26) of gravity does not need a
condition or limitation relative to place, since (if) any two weights remain in
whatever place they are, (27) then the ratio of weight to weight is inversely as
the ratio of distance to distance with respect to the three centers of gravity,

(28) I mean the center of gravity of the two of them together and the center

A

B8

of gravity of each of them. Now in spite of its not needing condition or limita-

tion (29) it cannot avoid needing a little explanation, but I have already ex-
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are equal, and that is what we wanted to show. (7) Then my lord, the shaykh,
said that he thought about the premise used in centers of gravity, that the
ratio of the weight (8) to the weight is inversely as the ratio of the distance to
the distance, and that he found it in need of a condition and limitation accor-
ding to (9) the place and the figure, since if these two are used unrestrictedly
there befalls it (the premise), along with the lack of restriction, something that
spoils it. As an example of that, he made (10) a parallelogram. So I inquired into
it and his intention, and, by my life, (the fact) that the ratio of weight to
weight is the ratio (11) of distance to distance inversely was a premise for the
ancients, and like one of the necessary parts of knowledge (i. e., ““essential
assumptions’) in their opinion (12* ) and in the opinion of those who inves-
tigated the science of centers of gravity, such as Archimedes and Euclid and
other mathematicians so that (13* ) it ultimately got to Thabit ibn Qurra and
to this, our own time. They did not doubt it but we do not know if its validity
was, in their opinion, (14* ) by trial, and it was taken from the senses, as Abi
Sa®d al-‘Ala’ b. Sahl thought, or if there was a proof of it which has (15) va-
nished with the length of time, as other people think; but (whatever is the case),
a premise of this description and standing (16) in their opinion, and which has
now been proved, how is it possible that testing could spoil it, as my lord the
shaykh thinks in (17) the matter of the two equal parallelograms ABGD,
LMNS as he described it? He said

that since it is necessary from (18 ) D A
this premise that the center of gravity
of the two planes ABGD, LMNS taken L M
together is in the interior of the plane
NLMS, as the point F, (19 ) andif we ' fo}
make on the point F a strap, and we
raise by it the whole of the two planes,
it does not stay parallel to the plane of
the horizon but (20) inclines to theside g B
AB. He thinks so because the area in
the direction of AB is bigger than the
area in the direction of (21 ) MN, and on account of that it occurred to him
that what the premise necessitates, that the plane is parallel to the horizon
and does not incline to (22) one of the sides, is then opposed to what the trial
necessitates. For this (reason) he says it needs a condition and limitation. But
by my life,

S

Fig. 9 (for 135": 17)

(1367:1) if (actual) test were consistent with the thought (he made) the pre-
mise would indeed be destroyed and would need a condition and limitation;
(2) however, the aflair is not thus, since, if he had inquired extremely closely

into that and tested it according to his ability, he would have found (3) the
I.test conformable to this premise and opposed to the thought that occurred to
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Fig. 8 (for 135r: 16)

Then in the circle G there is a regular polygon greater than the area D, as (21)
Archimedes proved. Let it be the figure EZHTK. Then the ratio of the square
A to the area D is greater than its ratio to the figure (22) EZHTK since
the area D is less than the figure in the circle G and the ratio of the
square A to the figure EZHTK (23) is as the ratio of the cylinder whose base
is the square A and whose height is the line B to the cylinder whose base (24) is
the figure EZHTK and whose height is the line B, since their bases are poly-
gons. There is no disagreement about it since Euclid (25) proved that. Thus
the ratio of the square A to the area D, which is equal to the ratio of the cylin-
der whose base is the square A and whose height (26) is B to the cylinder
whose base is the circle G and whose height is B, is greater than the ratio of the
cylinder whose base (27) is the square A and whose height is the line B to the
cylinder whose base is the figure in the circle and whose height is B. (28) So the
cylinder whose base is the figure in that circle and whose height is the line B
(is greater than the cylinder whose base is the circle and whose height is the
line B) and this situation is impossible, (29) since the whole is not less than
the part. And if the plane D is greater than circle G then there is a polygon
(135%:1) around the circle less than the plane D, as Archimedes proved,
and in this case it happens that the cylinder whose base is (2) the circle G and
whose height is the line B is greater than the cylinder whose base is the figure
surrounding the circle and whose height is B. (3) This situation is also
impossible since the part is not greater than the whole. And if the ratio of the
square cylinder to the (4) circular cylinder is not equal to the ratio of its base
to an area that is either greater or less than the circle that is the base of the
other cylinder, (5) then it is equal to the ratio of the square to the circle. Thus,
the ratio of the cylinder whose base is a square to the cylinder whose (6) base
is a circle is equal to the ratio of the square to the circle when their heights
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If he doubts this, then let him doubt the other, since he cannot make a dis-
tinction between them in (27* ) this regard. Or, let him revert to the book by
Euclid and examine the proof he gives that (28) the ratio of two circular cy-
linders, the one to the other, is as the ratio of the base to the base, and
similarly the ratio of two square cylinders. (29) Is that proof valid for two
cylinders, if one of them is circular and the other square, or not? And if
(1357:1*) the shaykh had looked into that and considered it he would have
found the matter to be just as we described it, since the proof of Euclid reverts
to taking multiples, the first (2) and the third an equal number of times with
the second and fourth. It is like his proof about parallelograms and triangles,
(3* ) that the ratio of one of them to the other is as the ratio of the base of the
one to that of the other. In like manner, since Euclid says that (4) the ratio
of cylinder to cylinder is compounded of the ratio of hase to base and the ratio
of height to (5) height without exception, then, if the ratio of height to height
is the ratio of equality (and) if we then eliminate that ratio, there remains the
ratio (6) of cylinder to cylinder as the ratio of base to base in whatever shape
it is — circular or square or (7) one of them a circle and the other square, or some
other figure than that. Thus, if the shaykh says that the matter is not thus,
since if it were (8) as we say it is, Euclid would have mentioned it in his book
by way of comment, so when Euclid says nothing about it, we know that the
matter is (9) different from that. Then we say, in answer to that, that perhaps
Euclid omitted a comment like this because he did not need it for his purpose
(10*) even if it is allowed in the proof, as in the first theorem of the tenth
book, in which he proves that when there is separated from (11) the larger of
two magnitudes more than its half, and from the remaining more than its half
and from the remaining more than its half, and that is done (12) continuously,
then ultimately a quantity will be reached less than the smaller (of the two
quantities). This very same proof allows that if there were separated from
(13) the greater of two quantities its half, and from the remainder its half and
(we proceed) like this continuously, then eventually a quantity would be
obtained less than the smaller quantity. (14) But he did not mention that
since he did not need it for his purpose, and the shaykh knows that. And if,
after this, he says, “Leave all this and give (15) the proof that the ratio of a
circular cylinder to a square cylinder is as the ratio of base to base,” (16*)
then I say, “I hear and I obey.” The proof of that: If the ratio of the square
cylinder, whose base (17) is the square A and whose height is the line B, to the
circular cylinder, whose base is the circle G and whose height is the same
line B, (18) is not as the ratio of the square A to the circle G, then let
the ratio of the square cylinder to the circular cylinder be (19) as the ratio of
the square A to another area, and let it be D. The area D is larger or smaller
than the circle G, so let it first be smaller (20*) than the circle G, if possible.
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straight line than the circumference of the circle is from it, because the parts
of the circumference of the circle fit (3) on each other and the circumference
of the parabola has no such property, and this circumstance separates the
circumference (4) of the parabola further from the straight line than (it sepa-
rates) the circumference of the circle from it. So, with greater reason, since the
parabola is not of (5* ) the kind of the square according to this then two are
not equal. But despite this we find a segment of a parabola is equal to a square
(6) by a proper proof: firstly, from the mention of Archimedes in the preface
to the Book of the Sphere and the Cylinder that he had found it and unext (7) in
the proof of Thabit ibn Qurra and the proof of Ibrahim ibn Sindn and the
proof of Abii Sa°d ibn Sahl and other (8) mathematicians who relied on proper
proofs, and there is no disagreement about this among people (9) who are
acquainted with the contents of the geometrical theorems. It is because of this
I say that I am astonished at whomever is acquainted with the contents of the
geometrical theorems. (10) As for those who know nothing of these it is no
marvel, but my amazement is at their pronouncing judgement on things in
contradiction to what (11) geometrical proof shows, since I see them as people
who pass judgement on the theorems of Archimedes and the theorems of
Apollonios and on (12) what follows from them apart from it without know-
ledge of these theorems on their part. As for my saying that the ratio of the
circular cylinder (13) to the square cylinder is as the ratio of the base to the
base when their height is the same, (14) I said this without explanation since
this, in my opinion, is too clear to need an explanation. The proof: What we
mean (15* ) by any kind of cylinder is simply a solid that is (formed) from the
product of the base of each of the two with the height of each of the two, and
so if there were (16) two level, plane figures. of any shape whatever and if the
ratio of one of them to the other is not known (17) in any way at all, when we
give to both of them some straight line as a common height — just as we do
between (18) two lines — then always the ratio of the product of one of the two
(figures) by that line, i. e. one of the two cylinders, to the product of the other
figure (19) by that very same line, i. e., the other cylinder, is as the ratio of one
of the two figures to the other. And we do not consider the shape of the base
of them, (20) beyond their being level, just as we do not consider (for) the
bases of the two parallelograms, if (21* ) the height of the two of them is
equal, the type of their ratio — if they are unknown or known, rational or irra-
tional, or if one of them (22) is irrational and the other is rational, or more
exotic that that — once they are two straight (lines), just as when it is (the
case of) two plane (surfaces). And the shaykh, (23) just as he does not hesitate
to accept that, in taking the common height between two straight lines, be
(24) the sort of ratio between them, unknown, doubtful, or known, so he must
not doubt about taking the common height (25) between two level planes when
one of them is a circle and the other is a square, that this is sound, since the
state of the ratio between them (26) is no worse than unknown or doubtful.
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existent ratio, according to the sense in which we use it, how could it not be
known between the circle and the square (8) while each of them is known. If
two magnitudes known then indeed the ratio of one of them to the other (9) is,
in our opinion, known — as Euclid proved in the first theorem of The Data. How
could it not (10) be known, when we are able to find a circle equal to a circle
and a square equal to a square so that, if we exchange (middle terms), (11) the
ratio of the circle to the square will be as the ratio of the circle that we found to
the square that we found. (12) And with respect to every two quantities there
exist two quantities in the ratio of the two and so the ratio of one of them to
the other is known, as Euclid mentioned, (13*) also. This sense of “known” is
not from the point of view of quantity, and so because of this the chord of one
degree, (14) I mean one part of the three hundred sixty parts of the circle, is
known in the opinion of whoever divides the angle (15) into three equal parts
since he found it (the chord), and whatever it is possible to find is, in our opinion,
known. Yet, that very same chord (16) is not known according to Ptolemy and
the astronomers since by “known’ they mean its measure relative to the
diameter and so, when (17) we find one and the same thing “known”, in the
opinion of some people, according to one sense, and “unknown”, in the opinion
of others, according to another sense, (18) then we know that “known’ has two
senses, and similarly “known ratio”. Clearer than this is that if there were a
straight line (19) postulated on which any point whatever falls then the ratio
of each of the two sections to the other (20) is known, in our opinion, since each
one of the two of them is known, even if we do not know if one of them relative
to the other is bigger, (21) or smaller or equal. But according to them what is
like this is not known since by “known” they mean the measure of the thing
(22) and by “known ratio” the measure of one of the two of them relative to
the other, as we said. So, the matter being thus, it is clear that if I had (23) said
that the ratio of the circular cylinder to the square cylinder is known in this
sense, or (that) the ratio (24) of the circle to the square is known, it would
(still) have been permissible; but, I avoided saying that so there would be no
uncertainty and no (25) ambiguity regarding ‘““known’’, which has two senses
— as if I understood what would come to the mind of (some) people about this.
(26* ) I did not use that (expression) since I did not need to use it in the proof
I gave that the straight line (27) is equal to the curved line and the area of the
circle to the area of the square. And when the matter is thus, (28) it is desirable
that the shaykh please examine that theorem once more and ponder it more
since I am astonished at people (29) who claim that the area of a circle is not
permitted to be equal to the area of a square, and that there is no ratio betwecn
the two of them, and who say (so) since the circumference

(134":1) of the circle is curved and not of the kind of the circumference of
the square, and especially at whomever knows the contents of the geometrical

theorems, (2* ) since the circumference of the parabola is further from the



THE CORRESPONDENCE OF AL-KUHI & AL-SABI 53

to that theorem which I wrote to (13) the shaykh and examined it, but no
mention of “known’ was in it at all, in any way, and I did not say (14) in it
that between the circular and square cylinders there is a known ratio, nor
between (15) the circle and the square. I said nothing I do not have need of
and I am astonished at his mention of it; although, (16) had I said it, it would
have been permissible according to our companions, since we say of a certain
magnitude that it is known when it is possible to find an equal to it, (17) and of
two magnitudes that the ratio of one of them to the other is known when we
are able to find two magnitudes in the ratio of the two, (18) whether they be
two lines or two planes, although we may not know whether one of them is
greater than, less, than, or equal to the other. For (19* ) we do not mean by
this aspect of “known” the amount of a thing, nor by “known ratio” the meas-
ure (20) of one of them as compared with the other, which is what the algeb-
raists mean by “known ratio”’ in number and (21) computation and the astro-
nomers (mean) in chords and sines — the amount of one of them as compared
with the other. The ratio that they maintain (22) between the circle and the
square, that it is not known or it is known, they mean “known” only from the
aspect (23) of quantity since they maintain that between the circle and the
square there is no equality and no ratio, since (24*) they are not of the same
kind, according to their claim. And we say to them “Why is it not permissible
for there to be a ratio between them, just as there is between (25) the spherical
surface and the cylindrical surface and between the conical surface and the
plane surface (26) a ratio of likeness, and (similarly for) others than these, as
Archimedes proved in The Book of the Sphere and Cylinder, while the difference
(27) between these surfaces is most certainly greater than the difference bet-
ween the two plane surfaces, one of which is a square (28) and the other a
circle? And if, in spite of this, the square is not of the kind of the circle accor-
ding to your claim then it is necessary that none (29) of these surfaces which
we mentioned is of the kind of the other and there is no proportionality het-
ween them, and yet

(134r:1) between them there is a proportionality and an equality. Archimedes
has proved that, so why is it not permitted that there be between the circle
(2) and the square something like that, even though they are not of the same
kind according to your claim, (where) we mean by “known ratio” a quantita-
tive ratio? (3) Thus they cannot mean by their doctrine that there is no ratio
(of any kind) between these two since they are not both of the same kind, and
that if there were (4) it would be found, (for then it would be) as if they do not
understand our doctrine, or they doubt Archimedes’ proof, or they believe
that every ratio (5) that exists between two magnitudes can be found. If they
believe that, how ridiculous! Thus it is clear that they intend their statement

that the ratio (6) of the square to the circle is not known (to be taken in the

sense of) quantitative ratio, not an existent ratio — just as we said. As for (7) the
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and the angle ABD is known so the
triangle (16*) ABD is known in form.
Thus, the angle D is known, and we
may produce from G the line GT
at an angle equal (17) to the angle D so
that the position of the line GT (18)
is known. Then we produce from the
center E a perpendicular (19) onto the
line TG, namely EH, so it will be (20)
known in position and it will be termi-
nated at the point (21) Z, so the point
Z is known. (22) This proof is more
general since it accomplishes both cases Fig. 7 (for 133r: 12)

(23) together. A third case: If the line

AB is not tangent to the circle, but rather disjoint from it (24) and the line
BD erther passes through the center or does not pass throught it, but, it does
bound with the line AB a known angle, (25) namely angle B, then how will
we find the tangent line, namely AZD in accordance with the known ratio?
A fourth case: (26) If the line AB is a secant of the circle and the line BD
either passes through the center or does not pass through it, but it bounds
with the line AB (27) a known angle, namely angle B, how will we find the
tangent line, namely the line AZD, according to the known ratio ? (28) He will
have the goodness to show me the way to the derivation of these two cases,
God willing, for it is difficult for me. (29) The letter has ended and praise to
God, Lord of the Worlds.

(133":1) The answer of Abii Sahl al-Quhi (sic) concerning the writing of Abii
Ishaq al-$abi (2).The writing of my excellent lord the shaykh arrived answering
my two writings, the one, in which was the premier theorem of (3) one of the
chapters of centers of gravity, and mention of the two cylinders, the circle and
the square, (4) and the other, in which was mention of the discovery of parti-
culars of matters of centers of gravity, and the description of the way to the
discovery of the ratio of the diameter (5) to the circumference. I rejoiced first
of all at his good health that it showed, and I praised God for it and asked Him
for its continuance (6) and the increase in it. In it he wrote he doubted the
premises that I used were sound, that (7) the ratio of the circular cylinder to
the square cylinder is known, it being necessary for that, that (8) the ratio of
the base of one of them, a circle, to the base of the other, a square, is known.
He said, “By my life, the ratio of (9) cylinder to cylinder is as base to base if the
heights are equal but (10) that is true only of cylinders of the same kind, i. e.
that are both circular or both square. As for the circular (11) and square, the

A

ratio between these two is unknown.”” I understood that and know that doubt

(12) in the right place is better than certainty in the wrong place, and I returned
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precedes them, in order that I might share his certainty as well as the elimina-
tion of doubts (21) and the objections of the adversaries. T hope that he will be
so good and comply with my wishes for that, one-by-one, (by) the excellence
of his grace, and (22) his benefit to me will be complete. Thus he knows, may
God support him, that these things are magnificent and of great significance,
and when (23) the geometers hear of them they will wonder and desire to know
the true state of affairs. Confidence in these things will not come about except
with (24) the security of the premises from doubts and objections, and so for
this reason I ask that he send them to me, (25*) in order, from beginning to
end. A problem was presented to me, may God support the shaykh (who pre-
sented it), divided into cases, (26) some of which he elucidated and others of
which he did not, and I will explain them so that he may consider them and
make me learn the way to the deriva- A

tion (27) of the remainder of the cases

and send his views on it. May God not
deprive me of his existence and benefit

from him. (28) The circle BG is assu-

med and a line BA tangent toit at B

and the line BGD is its diameter and B8

(o]

€ G
the point E (29) its center and we want
to find aline tangent to it, termintated
at the two lines AB, BD as theline
AZD, so that the ratio Fig. 6 (for 132V: 28)

(1337:1*) of AZ to ZD is as a known ratio. The analysis: Since the ratio of
AZ to ZD (2* ) is known the ratio AD:ZD is known by composition. But it is
as the ratio of the product of AD by DZ to the square (3) of ZD, so that the
ratio of the product of AD by DZ to the square of ZD is known. We draw ZE,
so the angle Z is right, and similarly (4) the angle B is right, so that the points
A,Z,E,B are on the circumference of a circle. Thus, the product of BD by DE
is equal to the product of AD by DZ and so the ratio of the product of BD by
DE to the square of ZD is known. Also (5) the square of ZD is equal to the
product of BD by DG, so the ratio (6) of the product of BD by DE to the
product of BD by (7) DG is known, and it is as the ratio of DE to (8) DG since
BD is a common height. Thus, (9) separando, the ratio of EG to GD is known,
(10) and EG is known, since it is balf (11) of the diameter, and so the line GD is
known. Thus the point D is known and hence the position of the line DZA is
known. (12) Another case: If the line BD is not a diameter for the circle, (but)
rather it is a chord in it that bounds, along with the tangent line AB, (13) a
known angle, namely the angle ABD, and we desire that the ratio of AZ to ZD
is as a known ratio, (14) then, by analysis, the ratio of AZ to ZD is known (so),
when we compose, the ratio of DA to AZ will be known. (15) But AZ is equal

to AB, since they are both tangents, (and so the ratio of) DA to AB is known,
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the sum of the two planes, it will not happen that the two are parallel to the
plane of the horizon. (27) Rather, the side that is near the line AB is heavier
than the side that is near the line NS, and the figures and positions are (28)
considerably at variance. So how (can we find) the way to guard against that,
and is the use of this premise permitted (29) unrestrictedly with the variance
that has appeared in it? He will be so good as to inform me what he thinks
about that, God willing.

(132¥:1) There came to me some of his news ahout his trip to Wasit, so that
I was much delighted, and I told myself that he (2) would come to Baghdad so
that I will enjoy the sight of him and meeting with him and the benefit from
him and conferring with him about these matters (3) and others in person.
And when the victorious army arrived I asked Abfi Shuja‘ Shahriban ibn
Sirkhab (4) and he informed me of his (Abli Sahl’s) return to Basra and he
explained to me about his affairs and the affairs of the Qagdi Abi “Ali Ribas ibn-
Barnas, (5) which reassured me except for a feeling of desolation at postponing
the meeting, and the difficulty of its realization is still lingering as it was. God
will protect hoth of them, (6* ) near and far, with His mercy. When I had
finished my writing up to this place, his composition came to me from (7) Abi-l
Mufaddal al-Apsari. I understood it and was reassured by his health that it
showed. I praised God for it (8) and asked Him for its continuance and its
increase. I studied the discovery he mentioned he had deduced of the center
of gravity (9) of the triangle and its solid the cone, and the discovery of the
center of the parabola and its solid and the discovery of the center (10) (of
gravity) of the semicircle and its solid, the hemisphere, and I marvelled greatly
at it and at the matter that appeared in it, (11) like something natural in the
necessity of that succession and arrangement that he explained and showed.
And my excitement doubled (12) at the magnificent gift in it, and by God, he
never saw the like of himself and we cannot hope to see his like. It pains (13)
me that the (present) time and its people do not give him his due. Who will
grant to me that some town will bring him and me together in the remainder
of my life, (14) so that I might occupy my time with him and with benefit
from him ? Then I attended to all he mentioned about the discovery (15) of the
center of gravity of a section of the circumference of a circle and the proof
that the ratio of every arc to its chord is as the ratio of half (16) the diameter
of the circle in which it is to the line joining the center of the circle and the
center of gravity of that arc, and the discovery (17) of the ratio between the
diameter of the circle and its circumference, that it (the ratio) is as the ratio of
a number to a number, I mean the ratio of nine (18) to twenty eight. This is
astonishing, but more astonishing is the difference between it and what Archi-

medes sets forth, and (19) he (Abli Sahl) has mentioned that there are funda-
mental principles and premises for all that, on which he built. For this reason

I am greatly in suspense (20) that I might know their consequences and what
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place of doubt such as appeared to me in the matter of the ratio between the
circular eylinder and (3) the square cylinder. The shaykh assumed the detailing
of that to a great extent in the first chapter, then the second, then the third,
one- (4* ) by-one until the end of the book. I considered the premise used for
the centers of gravity, that the ratio of weight (5) to weight is as the ratio of
distance to distance inversely, and I found it in need of some condition or
limitation depending on the position (6* ) and the shape, since, if it is used
unrestrictedly, there appears in it, with the generality, something that spoils

it. An example of that: If we (7) lay down two planes ABGD. GDEZ, equal
to each other and having right angles,

and if AB is greater than AE and AG

A G E
the equal of GE and the side (8) GD co- T N
mmon to the two of them, and (if) the
center of gravity of the plane ABGD HOKEFTO
is the point H and the center of gravity
of GDEZ the point T (9) and if we want M S
the center of gravity of the sum of B Dr 2
these two planes, i. e. ABEZ, thenif we N .
join the two points H, T (10) with a ¥ig. oi(foc Iazes 7)

We have followed C in the relative

straight line, whichis TH, and we divide positions of the letters on line HO.

it into two halves so that the division

falls on the point K, which (11) is on the middle of the line GD, then the point
K will be the center of gravity for the sum of the two planes. That is because
(12) the division of the distance between the two centers at its half is in the
ratio of equality and the compensation and the non-compensation are oue.
Then, if (13) we fix the plane ABGD in its place and remove the plane GDEZ
from its place and we put it in the place (14) of the plane LMNS, on the con-
dition that the line LN is (15) the equal of the line GD and the line LM the
equal of the line GE (16) and the line LK the equal of the line KM, and the
point 0 (17) is the center of gravity of the plane LMNS, then we seek (18) the
center of gravity of the sum of the two planes ABGD, LMNS (19) it is necessary
that we extend the line HKT to the point O. (20) Then we divide the line HO
into two halves at the point (21) F, so the point F will be the center of gravity
of the sum of the two of them according to what the premise necessitates. But
the point K was already the center (22) of gravity of the sum of the two of
them, and so the two centers differ along with the difference of the two places
whereas the two weights did not change from (23) their state of equality. So
if we require that the center of gravity of the two of them is the first point, K‘,
(24) then the point K is not on the middle of the distance HO and in that it
violates the premise; but, if we require that (25) the center of gravity of the
two planes ABGD, LMNS is the point F, which is half the distance HO, then
we imagine (26) that we put on the point F an attachment and by it we raise
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that most of my research in this matter is but to bring (4) me near to him, and
so much as he reads me (my works) and is pleased with me so will my activity
be in that. If we do not seek to please (5) him in that (matter) in this age of
ours whom will we seek to please, and if we do not glory in him then in whom
will we glory, and whom, in this time of ours, (6) do we and our scientific
colleagues have in this science other than him, and who except him knows the
(same) amount of this science? (7) Surely God will prolong his life and will
continue his grace. May He not deprive me of him, (in) His grace and His
Mercy. (8) End of the epistle and much praise to God and prayers (9) on the
Chosen Muhammmad and his family, the good (?). (10) In the name of God the
Merciful, the Compassionate, [ rely on God (11) The letter of Al-Sabi to Abid
Sahl al-Kiihi, of whom he asks the view concerning doubts that occurred to
him about what he derived. May God the Exalted have mercy on both. (12) My
writing. May God lengthen the duration (of life) of the shaykh. As for (my)
health, may God be praised, the Lord of the Universe. The writing of the
shaykh arrived some time (13) ago, including the theorem which he made
about the discovery of a straight line equal to the circumference of a circle
and the existence (14) of a rectilineal area cqual to the area of a circle, and
according to it he made his position, and I approved (15) the method he
followed except I doubted the premise that he used was sound, namely that
the ratio (16¥) of the circular cylinder to the square cylinder is known. For
that it is necessary that the ratio (17) of its base, a circle, to its base, a square,
is known, and by my life the ratio of the cylinder (18) to the cylinder is as
the ratio of the base to the base if the two heights are equal, but (19) that
concerns two cylinders of one kind, I mean if the two are both circular or both
square, so that if (one) is circular and (the other) is square (20) the ratio bet-
ween the two of them is unknown. Thus, if the shaykh has a proof of this that
has already preceded, or a basic principle on which he has built, he will be so
good (21) as to present it to me and benefit me by it. Indeed my heart is much
in suspense over this matter since, may God support him, he knows that the
ancient (22) geometers died while in their hearts was despair of discovering
what he discovered, but (it was) impossible (for them). It is with his superiority
and his high (23) rank that he found what they did not find. Also, my heart is
in suspense over the knowledge of the things that he derived about centers
(24*) of gravity. Without doubt they are wonderful, since we did not obtain a
complete book on this science, I mean centers of gravity, (25) nor was there
done any satisfactory work by one of the ancients or one of the moderns. In
my opinion it is in the rank of a separate art, which (26) needs to have a book
of basic principles. But what I prefer is to dwell on what he deduced one-by-one
and chapter-

(132r:1) by-chapter and step-by-step until there comes to me knowledge
of the basic principles on which it is built and there remains (2) in myself no
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product of the arc BG by the line DE is equal (5) to the square of theline BD.
Furthermore, since the ratio of the line ZD to the line DB is as the ratio of
three to two, the ratio (6) of the square of the line ZD to the square of the line
DB is as the ratio of nine to four. Also, the square of BD is equal to the product
(7) of the arec BG by the line DE, and (so) the ratio of the square of ZD to the
product of the arc BG by the line DE is as the ratio of 9 (8) to 4. Further, the
ratio of the product of the arc BG by the line DE to the product of the arc BG
by the line ZD is as the ratio (9) of four to nine and a third since the two of
them are in the ratio of three to seven, and ex gequali the ratio (10) of the
square of the line ZD to the product of the arc BG (11) by the line ZD will be
as the ratio of nine to nine (12) and a third, and the ratio of the product of the
arc BG (13) by the line ZD to the product of the arc ZT by (14) the line ZD is
as the ratio of the arc BG to (15) the arc ZT since the line ZD is a common
altitude to the two of them. Also the ratio of the arc BG to the arc ZT is as
the ratio (16) of the line BD to the line ZD since the two arcs BG, ZT are
similar and D is the center of the circle. Further, the ratio of the line BD (17)
to the line DZ is as the ratio of two to three, so the ratio of the product of the
arc BG by the line ZD to the arc ZT (18) by the line DZ is as the ratio of two
to three, which is as the ratio of nine and a third to fourteen. Ex aequali (19)
the ratio of the square of the line ZD to the product of the line ZD by the arc
ZT will be as the ratio of the line ZD to (20) the arc ZT and so the ratio of the
line ZD to the arc ZT is as the ratio of nine to fourteen and the ratio of twice
(21) the arc ZT, the arc HZT, to twice DZ, the line HT, is as nine to fourteen.
(22) But the line HT is the diameter of the circle and the arc HZT is half its
circumference, so the ratio of the diameter to the whole circumference (23) is
as the ratio of nine to twenty-eight, and it is as the ratio of a number to a num-
ber. So the circumference turns out (24*) to be three likenesses of the diameter
and a ninth. Thus, when that occurred to us we looked into the work of Archi-
medes in which he says that (25) the circumference of the circle is less than
three likenesses of its diameter and ten parts of seventy parts, I mean (26) the
seventh, and this is conformable to our dictum, not contradictory to it, since
the ninth is less than the seventh without doubt. However, (27) he also says in
it that it (the circumference) is greater than three likenesses and ten parts of
seventy-one parts, and this (28) is not conformable unless he says ninety-one
parts in place of seventy-one parts so that it is conformable. (29) And according
to us it is no more (serious) than that. We do not suspect any of the ancients
(of being anything) but beautiful and good, so how much more Archimedes,
(131V:1) the leader in that. If the shaykh is eager to examine the proof of

these theorems, which I said are premises (2) for this theorem, hefore my
meeting with him, let him write with what he wants of them, in order that 1
might separate it off from the chapters along with their premises (3) and I
will send it to him and will take great pride in his examining it. God knows
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theorem since that straight line (15) is always equal to an arc of the
circumference of the circle. This is a wonderful thing that has not been men-
tioned. The example of that. (16) If the arc AEB is part of the circumference
of the circle whose (17) centre is G and whose radius is GE, (18) and the center
of gravity of the arc AEB is the point

D, (19) I say that the ratio of the arc E
AEB to its chord (20) AB is always

equal to the ratio of the radius, (21) D
EG, of the circle to the line GD, and

it is between the center of the circle B A

and the center of gravity of the are
AEB, (22) i. e., the point D, and I pro-
ved that the straight line GD is always G

equal to a curved line from the circum-

ference (23) of the circle. All of these

things are from the totality of the

theorems of the Book of Centres of Gra-

vity. As for the ratio of the diameter

to the circumference (24) (being) equal Fig. 3 (for 130V: 16)
to the ratio of a number to a number
it is not part of it (the totality), but
when these facts from (the science of)
the centers of gravity occurred to us
(25) we looked into the matter of the
diameter (compared) with the circum-
ference and we postulated the semici-
rcle ABG of the circle whose (26) center
is D, and the line DB perpendicular
to the diameter AG, and the point E,
the center of gravity of the arc ABG,
and we knew (27) that the ratio of the
arc ABG to the line AG, its chord, is equal to the ratio of the radius of the
circle, the line (28) BD, to the line DE, since we proved that concerning
every section of the circumference of a circle so particularly for the semicircle.
(29) Then we made the ratio of the line DZ to the line DB equal to the ratio of
three to two and we drew about the centre D and with distance

(1317:1) DZ the circle HZT so that the point E is the center of gravity of the
surface of the semicircle HZT also, as we said. (2*) Since the ratio of the line
BD to the line DE is equal to the ratio of the arc ABG to the line AG it is equal
to the ratio of half (3) the arc ABG, the arec BG, to half the line AG, the line
BD, since the point D is the center of the circle, and the ratio (4) of the arc GB

to the line BD is equal to the ratio of the line BD to the line DE. Thus the

Tig. 4 (for 130V: 25)
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to (21) the ratio of one to four (parts) (22) of the diameter, and of the para-
boloid (23) according to the ratio of two (24) to six, and of the (hemi) sphere
according to the ratio of three to eight. Now the planar (figures). As for the
center of gravity (25) of the triangle (it occurs) according to the ratio of one
to three, and of the parabola according to the ratio of two to five. (26) and of
the semicircle according to the ratio of three to seven. And this is a chart
for htat.

(27*)  Center of gravity:

of the triangle according to one of three (1 of 3)
and of the cone according to one of four (1 of 4)
(28) and of the parabola according to two of five (2 of 5)
and of the paraboloid according to two of six 2 of 6
(29) and of the semicircle according to three of seven 3of 7
and of the hemisphere according to three of eight 30f8

(130v:1) (1) This is the natural sequence in which we found the centers of
gravity and we were amazed at the occurrence of this arrangement. Next, (2) one
theorem is a premise for the discovery of the center of gravity of a section of the
circumference of the circle, and it has premises also. And it (the first-men-
tioned theorem) is that (3) if there are two sectors of two concentric circles,
and the ratio of the radius of one of the two to (4) the radius of the other is
the ratio of 3 to 2, and they are similar (sectors), then the center of gravity of
the arc of the (5) smaller of the two and the center of gravity of the surface
of the larger of the two is one. An example of that. If the point E is the center
of two circles (6) AB,GD and the line EBD is straight, (7) and similarly the
line EAG, and the ratio of the line GE (8) to the line EA is equal to the ratio
of three to two (9) and the center of

gravity of the arc AB is the point 7 )

then the point Z is the center of gra- G
vity of the surface GED, the sector, B

also. (10) I proved that in the chapter

whose (11) premier theorem I sent in

(12) the writing which I wrote before

that. In that chapter is also another

theorem and it is the proof that the

ratio (13) of every arc toits chord in

the circle is equal to the ratio of the

radius of that circle to the line bet-

ween (14*) the center of the circle

and the center of gravity of the arc,

and it is a good (and) very remarkable Fig. 2 (for 130V: 5)
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are of the sort of those figures which he derived and started with, and that is
his own investigation (28) into the chords of the arcs of the circle just as Apol-
lonius looked into the straight line in The Determinate Ratio. (29) For this
reason I simply must meet with him (Abli Ishaq) and get his opinion and his
help in the completion of these

1(130r:1) theorems, and I hope that the meeting will be soon, God willing.
However, if the shaykh wants that before (2) the meeting and he simply must
have it, then I must have those theorems which he has and I do not in order
that I might look into them for the relatioship (3) of their arrangement and
their method since they are (the right ones) for my business with the theorems
of the centers of gravity. As for the centers of gravity, (4) there remains of
them a slight thing until six consecutive chapters are finished, four of them
which I have done here (5) in Basra and two there in Baghdad. Then there
will be done after that, God the Exalted willing, a chapter in which there are
problems about centers (6) of gravity and it will be the best of the chapters
and biggest of them. Next chapters will be appended to this chapter about
the matters of the centers (7*) of gravities, three or four (chapters about)
liquid and non-liquid bodies. After all this (introductory detail 1 turn to) the
first of these chapters, (8) God willing. As for the four chapters which I did
here. all of them point to (9) an arrangement of deeds of the Creator, to Whom
belong might and majesty, like the things that are in Archimedes’ Sphere and
Cylinder. Are we not (10) astonished at the occurrence of the sphere’s happening
(to be) two thirds of the cylinder according to what he described and proved,
and at the paraboloid, (11) that it is its (the cylinder’s) half as Thabit ibn Qurra
proved, and at the cone that it is its third as the ancients made plain? (12) And
so we found in the matters of centers of gravity an arrangement more won-
derful than that. Among them (our discoveries) is that if we rotate (13) the
semicircle ABG, whose center is D, along with the parabola whose axis is BD,
and along with the rectilineal triangle ABG (14) around the line BD perpen-
dicular to the line AG, so that there results from the rotation of the semicircle
(15) a2 hemisphere and from the parabola the paraboloid and from the triangle
a cone, then (16) the cone is a solid for the triangle as the paraboloid is for the
parabola and the hemisphere for the
semicircle. (17) We found the arrange-
ment for these solids, as regards cen-
ters of gravity, more wonderful than
the corresponding arrangement for
measurement. As for the centers (18) of
gravity of these solids, (19) the center
of gravity of the solid of the triangle, & D A
(20) T mean the cone, falls according Fig. 1 (for 120v: 13)

8

1 Small letter because it is a continuation of the previous sentence. We left it thus for the simplicity of
printing. And this form is used throught the article.
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letter, may God extend the duration (of the life) of my lord the excellent
shaykh, (composed) Sunday, the eighth of Safar, is from a state of health, for
which I praise (4) God and ask its like for him. The writing of my lord the
shaykh reached me a long time ago (5) with the praiseworthy, sound investi-
gation, which is his wont, and I wrote a reply to it in which I asked things
to which (6) T am still awaiting an answer, and there was nothing from him
about that until now. The length of time since Le last wrote fills me with
worry (7) as does the interruption of that praiseworthy subject matter, so
I wrote this letter seeking to know his news, may God make it good, (8) and
asking that he complete those things. Among them, may God support him,
he mentioned to me in the writing that came from him his discovery (9*) of the
centre of gravity of a segment of the circumference of a circle, and that he
found the proof that the ratio of the diameter to the circumference equals
the ratio (10) of a number to a number, and other results of his, and I asked
him, may God not deprive science and scholars of him, (11) that he present
me with the whole of his discoveries, especially that the ratio of the diameter
to the circumference equals the ratio of a number to (12) a number, foritis a
thing I myself was striving mightily to know and to use. And I reminded him
of what (13) he promised me namely that he will complete his book about
centers of gravity and will (send) a copy of it to me, (14*) and the remaining
theorems of the second book of the treatise of Apollonios on the Cutting-off
of a Determinate Ratio. (15) I am returning to and repeating the questions
about all of that, and if he will be so gracious to me, may God support him,
as to send it to me, either all together (16) or singly, according to his con-
venience, along with mention of his news and his circumstances and the course
of his affairs and the obstacles of his (17) necessities and whether he intends
to return to the City of Peace (Baghdad), so that we may feed on hope and
busy ourselves with wishes, then (18) God knows my longing for his opinion
and my lonliness because of his separation (from me). My lord the shaykh has
power over what he sees (19) and he will grant it (my request) in that (matter),
God the Exalted willing. (20) Copy of the answer from the shaykh Abd Sahl
al-K@ihi (21) the letter of my lord the excellent shaykh arrived and I unders-
tood it. I was reassured by his health and I praised God for it, (22) and what
was mentioned of the book of centers of gravity, the discovery of the center
(of gravity) (23) of a sector of a circle, the ratio of the diameter to the
circumference (being) equal to the ratio of a number to a number, and the
remainder of the theorems of The Determinate Ratio of Apollonios. (24) As for
my view, singly, about the remainder of the theorems of The Determinate
Ratio, my opinion is that there does not follow from it what we want (25) and
it is not complete except with him and with his help, and its aspect islike what
was in the theorems that originated with him and with his help. (26*) I also
thought of something else, namely, that in the beginning of the second book of
this treatise there are three or (27) four circular figures, and I think that they
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Third Letter: (Extant, the first of the present correspondence.) This is written
by Abl Ishdq to express his worry at the interruption in the correspondence
and to repeat the requests of the previous letter.

Fourth Letter: (Extant, the second letter of the presemt correspondence.)
AbT Sahl writes to Abl Ishiq and says they must meet soon to discuss the
theorems in The Determinate Section. He refers to a book he has written on
centers of gravity, of which he has completed six chapters and plans to write
four or five more. He introduces his chart on centers of gravity and states two
theorems dealing with centers of gravity of sectors and arcs of circles. Finally,
he uses the chart and the above results to show that © has the value 28/9.
Fifth Letter: (Extant, the third of the correspondence.) From Abl Ishiq to
Abu Sahl, in which he says he does not believe the ratio of a circular cylinder
to a square cylinder of the same height is known. Further, he constructs what
he believes is a counter-example to the unrestricted validity of the law of the
lever. After praising the lovely relationships revealed in Abli Sahl’s chart of
centers of gravity, he attacks the value of ® Abfi Sahl derives and cites its
inconsistency with the lower bound established by Archimedes. Finally, he
states a problem concerning a given circle cut by at least one side of a given
angle.

Sixth Letter: (Extant, the fourth of the present correspondence.) From Abi
Sahl to Abf@i Ishdq, in which he discusses the various senses of the word
“known” as it applies to ratio as well as the question of when two magnitudes
are of the same kind. He concludes with a proof that the ratio of two cylinders,
of the same height, whatever level planes be their bases, is as the ratio of these
bases. Next, Abii Sahl exposes the error in Abii Ishiq’s counterexample to the
law of the lever, and he shows that not every line through the center of gravity
of a triangle, for example, divides it into two parts having equal areas. In the
following discussion, Abli Sahl emphasizes that he has given a proof of the
law of the lever, and he distinguishes between ‘‘generally accepted” and
“necessary” premises. Then he turns to his chart and admits that, although
he has proved only five of the six entries, the beautiful pattern of the chart
gives him confidence that the sixth — on the location of the center of gravity
of a semicircle — will turn out to be as true as the others. As for the discrepancy
between the value for © obtained from this result and the bounds established
by Archimedes, he argues that the style of argument in Measurement of the
Circle, with its use of approximative methods, is quite unlike that of any other
known work of Archimedes, and thus the work is not genuine. Finally, the
letter ends with the construction that solves Abii Ishiq’s problem and a proof
of the validity of this construction.

II. Translation

(129V:1) In the name of God, the Merciful, the Compassionate. I ask him
for help. (2) The letter of Abii Ishiq al-Sabi to Abil Sahl al-Kiihi (3) My
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letters in the text referring to points in the diagrams, since they reveal that D
is wrong whenever C is wrong. In addition, D contains errors of its own,
for example, the “slip of the eye’ of the scribe of D on 1317: 11, 12 in passing
from one fi to the next and so omitting these two lines. The foregoing are
grounds for believing that D is a copy of C. However, the fact that all MSS
omit a phrase in 1357: 28 and all have the incorrect ZT (clearly pointed) for
DT in 139": 7 suggests all three ultimately derive from the same copy of the
correspondence.

In the translation parentheses enclose words we have supplied, either to
amplify the text when it appears to be elliptical or to enclose trinslations not
of the text but of what we feel the text must have been when Abii Sahl or Abi
Ishiq wrote it. Parentheses also enclose references to figures in the manus-
cripts, and these figures are copied as nearly as possible from AS 4832. They
are essentially the same as those in the Cairo MS, while the Damascus MS has
only blank spaces where figures ought to be.

In transliterating the letters denoting points in geometrical diagrams we
have followed the system of Kennedy and Hermelink (17), as far as it goes
(to shin in the abjad order), which we complete as follows:

&=t v = d

0 L=z
t=k g =T
3y =A

This represents a slight modification of a system proposed by A.I. Sabra
incorporating suggestions of Y. Dold Samplonius and J. Hogendijk (private
correspondence from J. Hogendijk).

The Correspondence in Outline

Since the correspondence occupies over 20 folio pages and ranges over a
large number of topics the reader may find the following brief overview of the
correspondance and its contents useful.

First Letter: (Not extant) From Abli Sahl to AbQ Ishdq. This letter states
Abii Sahl’s results on the center of gravity of an arc of a circle and announces
the rationality of = . Abli Sahl promises to send a copy of his book on centers
of gravity as well as the “remaining theorems” of Apollonios’ The Determinate
Section, Book II.

Second Letter: (Not extant) From Abli Ishaq to Abii Sahl. This letter requests
details on the subjects Abli Sahl has mentioned in the previous letter, especially
about the value of = .

Some time passes and Abl Sahl does not reply. This prompts Aba Ishaq
to write again.
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knew, and it contains an extended discussion of a difficult geometrical problem
not previously encountered in the literature.

For these reasons we think it worthwhile to present an English translation
of the entire correspondence, accompanied by an edition of the (text based
on the three extant manuscripts. Our translation is followed by a series of
commentaries, including a short study of the metamathematical issues dis-
cussed and a final commentary on the geometrical problem referred to above.

Our previous study was based on a copy of the Istanbul MS. AS 4832 supp-
lied to us through the kindness of A. I. Sabra. Subsequently, D. King sent
a copy of the same correspondence found in Cairo, and the authorities of the
Zahiriya Library of Damascus provided a copy of the remaining version of
the correspondence.

We employ the following sigla for our discussion of the three MSS. on which
our edition is bhased (dates as in Sezgin (30), V, pp. 320, 402):

(I) :  MS Ayasofya 4832, 129¥ — 1407 (5th Cent. Hijra = 11th C. A. D.)

(C) : MS Cairo Dar al-Kutub, riyad. 40m, 209" — 221"
( from 12th Cent. Hijra = 17th C. A. D.)

(D) : MS Damascus, Zahiriya, 5648, 196" — 214"
( from 14th Cent. Hijra = 20th C. A. D.)

Both C and D are written in neat hands and are carefully pointed; however,
D has no diagrams and its scribe has left out phrases and even whole lines in
several places. Though not so carefully pointed, I has a complete text with
all diagrams and about the same number of scribal errors as C. Thus, we have
referred our translation to I and have used the notation (X*/¥ : Y) to denote
line Y of folio X, side 1 (r) or 2 (v), whereas, (Y) alone refers to line Y of a folio
already mentioned. An asterisk following Y refers to the General Commentary,
Sec. V, and we have included in the text parenthetical references of the form
(I 130%), for example, to indicate where the various folios of the source manus-
cripts begin. Three orthographic differences between the text of I and those
of C and D are that in I ““Aristotle” is d.JUaqu , while in C and D it is
bl i, in I the name “Euclid”is ..l whilein D and C itis .l
and D and C always write il for I’s ‘:‘a)ﬂl (although I once spells it
with a qaf). The closeness of C and D in matters of detail is well-illustrated by
both referring to the area NLMS on 135": 18 of I as the area LMNS. Another
example is a series of pious phrases, identical in C and D at the end of letters,
but which do not appears in I. On the other hand, there are enough places in
the mathematical parts where the scribes of C and D have correctly written
something that is erroneous in I to establish that I was not the source of C
or D. In addition, only in I are letters referring to points in geometrical dia-
grams written with bars over them. We have not listed common orthographic
variants, such as i3 vs. iS5 ; however, we have recorded variations in



The Correspondence of Abu Sahl al-Kih1 and Abu

Isl_la_tq al-SEbf: A translation with Commentaries

J. L, BERGGREN*

I. INTRODUCTION :

In 1979 J. Sesiano and the present author independently presented studies
of a portion of the correspondence between Ab# Sahl al-Kithi and Abii Ishiq
al-$abi, (see (29) and (6)). Abli Sahl, who enjoyed the patronage of the two
Biiyid rulers “Adud al-Dawla and his son Sharaf al-Dawla, was famed as a
mathematician, astronomer and one skilled in the craft of observational ins-
truments (see Qifti (25, pp. 351-354). In 359 A. H. (969/70 A. D.) he assisted
in observations of the sun at Shirdz and by 378 A. H. (988/989 A.D.) he was
sufficiently respected to be put in charge of the observations ordered by Sharaf
al-Dawla in Baghdad. These observations must have been regarded as being
of some importance, for Abli Sahl had them witnessed (and the record signed)
by a group of people including two qadis (judges), the celebrated astronomers
Abti Hamid al-Saghédni and Abii’}-Wafa® al-Biizjani, and his correspondent
Abii Ishaq al-$Sabi. Ab@ Ishiq was a high official under the Biiyid rulers
Mu®izz and “Izz al-Dawla but then fell into the disfavor of “Adud al-Dawla,
only to be freed from prison by “Adud’s son Sharaf al-Dawla. He lived but six
years after the observations he witnessed in 378 since, according to E. 1. (19),
he died in 384 (994). The two letters in the present correspondence are the
only writings on mathematics attributed to him, and he seems to have been an
enthusiastic amateur whose many official duties left him little leisure for a
pastime he much enjoyed.

The studies mentioned in the previous paragraph dealt with but two of
the many topics discussed in this correspondence, namely the barycentric
theorems Abli Sahl had proved and, on the basis of one he had conjectured,
his unfortunate proof that the ratio of the circumference to the diameter of a
circle is equal to 28/9. (In the remainder of the paper we shall refer to this
ratio as m, though this symbol was foreign to medieval mathematics) . We
shall not repeat the contents of those studies here; however, the correspon-
dence offers us a chance to read the mail of two important figures of the late
4th Hijra Century, (10th c. A. D.) whose spirited discussion of mathematical
issues, conducted with elaborate politeness, reveals much about the attitudes
of an important mathematician and an interecsted layman of that time. In
addition, it tells us more about the travels of Abi Sahl and the people he

* Department of Mathematics, Simon Fraser University, Burnaby, B. C. V5A 156
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These results are interesting, but it is clear that a proper survey of the orienta-
tions of all of the principal medieval religious monuments in Central Asia
would reveal much more.

APPENDIX A

The Arabic Text of al-Bazdawi’s Treatise

See pp. of this issue.

APPENDIX B
An Addition to King 2

H.P.J. Renaud, on p. 58 of his article on astronomy and astrology in
medieval Morocco (see Renaud 2 in the bibliography), quotes the ninth-century
Andalusian historian and jurist Ibn Habib (on whom see the article in EI, by
A. Huici Miranda) as saying that the qibla at Cordova is the rising point of
the star « Scorpio ‘“because it rises at the corner of the Black Stone.” This
azimuth was about 30° south of east for the latitude of Cordova at Ibn Habib’s
time, and corresponds precisely to the azimuth of the rising sun at the winter
solstice. See now the commentary on Paragraph 13 of al-Bazdawi’s treatise
above.
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Transoxania is rather poor, and most modern plans purporting to give orien-
tations are not to be trusted.® Also, aerial and satellite photographs of the
architectural sites in this particular area are hardly likely to fall into the
hands of scholars in the near future. It is to be hoped, therefore, that future
researchers will make careful measurements of orientations of individual
buildings and, when interpreting these, will take into consideration the kind
of information presented by al-Bazdawi.

Added in proof:
(1) In September, 1983, I had the privilege of researching in the Library of

the Oriental Institute in Tashkent. There I came across in manuscript no. 177 a
work by the late—tenth—/early—eleventh—century legal scholar cum mathemati-
cian “Abd al-Qahir al-Baghdadi (Brockelmann, I, p. 482 and SI, pp. 666-667,
and Se:zgin, V, pp. 357) on the divergences of opinion on the qibla in early
Islamic Iran. This treatise was not previously known to exist, and a study is
in progress.

(2) In January, 1984, I was able to measure the orientations of various reli-
gious edifices in Samarqand. The magnetic declination there is currently ca.
4° E, and my readings with a pocket compass have been adjusted by ca. 50.1
anticipate that the values given below are correct to within ca. 450°.

(a) The site identified as a mosque in Afrasiab faces roughly 245° ( = 250 S,
of W.), that is, towards winter sunset (ca. 250°). On the Jami® Mosque in
Samarqand (which faced roughly the same direction), see the commentary to

Paragraph 9 above.

(b) The basic orientation of the Shah-i-Zinde complex (most surviving monu-
ments date from the fourteenth and fifteenth centuries) is north-south, with
most mihrabs rom facing south, according with the Shafi’l practice.

(¢) The basic orientation of the Bibi Khanum Mosque (ca. 1400) is in the
cardinal directions with the mihrab facing due west, thus corresponding to
the Hanafi practice.

(d) The tombs of Timur and Ulugh Beg in the Gur-Emir Mausoleum (fifteenth
century) face roughly 255° ( = 159 S. of W.). I cannot explain this orientation.
(¢) The basic orientation of the Registan complex (built in the 15th—17th
centuries) is ca. 200° ( = 20° W. of S. ). Again, this orientation corresponds
to none of those mentioned by al-Bazdawi.

(f) The Mosque of Khéja Zulmurdd in the quarter known as Chahar-rakh
(built in the 19th (?) century and still in use) faces ca. 265° ( = 5° S. of W.),
probably intended as an alignment towards due west in accordance with
Hanafi practice.

4. See King 7, Section 4.9, for a survey, based mainly on Cohn-Wiener, Pugachenkova Pugachen-
kora & Rempel 1 and 2, Zasypkin, and Gafurov & Litvinskii 1 and 2.
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is about 30° S. of W..is fortuitous.) A less likely reason may be that the gibla
was computed from available geographical data: al-Bazdawi’s data can be
used to derive a qibla of about 400 S. of W.

It is instructive to compare al-Bazdawi’s treatise with a treatise by his
earlier contemporary from further south, the celebrated scholar Abu’l-Rayhan
al Birtini. In his work entitled Tahdid nihdyat al-amdkin, “The Determination
of the Coordinates of Localities,”” al-Birini’s ultimate purpose was to establish
the geographical coordinates of Ghazna and hence determine the qibla there.
As well as achieving these ends admirably, he provided us with a richly-
documented essay on mathematical geography and spherical astronomy.!
al-Birtinl would have been dismayed by the weakness of al-Bazdawi’s reason-
ing and shallowness of his scientific knowledge. In the Takdid he wrote as
follows:?

... Let us point out the great need for ascertaining the direction of the
gibla in order to perform the prayer which is the pillar of Islam... It is known
that this direction varies with the place at which the direction of the Ka‘ba is
to be determined. This is witnessed in the Sacred Mosque itself, and should
be more evident when considered from other places. If the distance from the
Ka‘ha is small, its direction may be determined by a diligent seeker, but
when the distance is great, only the astronomers can determine that direction.
Every challenge calls for the right men........ Some scholars have been discus-
sing completely irrelevant phenomena, like the directions from which the
winds blow, and the risings of the lunar mansions. Even the professional
astronomers find the gibla problem difficult to solve, so you can imagine how
difficult it is for the non-astronomer.”

al-Bazdawi was not the only medieval writer to discuss the gibla in Samar-
qand. Babur, in ca. 1500, noted that the orientations of the qiblas in the
Masjid al-Mugatta’ and the madrasa of Ulugh Beg were different, and attri-
buted the orientation of the latter to the astronomers.> No doubt other such
discussions are to be found in the literature.

The state of documentation of orientations of Islamic architecture in

1. This treatise is published by Bulgakov in al-Birini, translated in 4/i. and commented upon in
Kennedy 1.

2. of. Ali, pp. 11-12.

3. Babur, 1, p. 80, cited in Sayili, p. 24.

See also the valuable study Nemtseva. With regard to the gibla corresponding to Ulugh Beg's
geographical coordinates for Samarqand and Mecca, see already E. S. Kennedy's comments in Nem-
tseva, p. 52. These coordinates are:

] L
Samarqand 39:37° 995160
Mecca 21340 175 0

and the accurately computed gibla is 53:8,30° W. of S. According to the standard Islamic approximate
formula the value would be 50;53°.
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Fig. 4. The different giblas for Samargand mentioned by al-Bazdawi

al-Bazdawi’s knowledge of astronomy was such that he confused months
and zodiacal signs. He presented various geographical coordinates in his
treatise, but was apparently incapable of using them to compute the gibla,
even by the simple approximate method which was common knowledge
amongst contemporary astronomers. The table that al-Bazdawi included in
his treatise would enable one to lay out the gibla at Samarqand at 450 S. of W.
It seems probable that whoever computed the table considered this a com-
promise between the Shafi’l qibla (due south) and the Hanafi gibla (due west).
This is about 10° S. of the direction al-Bazdawi was aiming at, namely, the
orientation of the Jami® Mosque of Samarqand, which is at about 35° S. of W.
The reason for this orientation may well be that the qibla was taken as the
direction of the setting sun at midwinter, which is at about 3114° S. of W.
(The proximity of this direction to the modern gibla for Samarqand, which
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Table 1
Sample Recomputed Values of h, () for
@ = 400, € = 23;359, and ¢ = 449, 45°, and 46°

qQ
& o 45° 46’
Py 44 5
0° 40336 ° 40; 7 39337
1 41; 5 40336 40; 6
2 41;33 41; 4 40335
90 68348 68333 68316
270 12;24 11342 10;58

al-Bazdawi) was close enough to Ag ( = 199 according to al-Bazdawi) that
one could take AL = Ag and hence derive ¢ = 459 by the standard approxi-
mate method. Alternatively, he may have decided that ¢ = 459 was a happy
compromise between the gibla of the Shafis (due south) and the qibla of the
Hanafis (due west). Similar situations occur in medieval Andalusian and
Maghribi sources, where the gibla may be due south, due east, or conveniently
south-east (see King 2, pp. 370-387, and 3. pp. 190-191). Another possibility
is that the gibla was taken as south-west in order to “face’ the north-east wall
of the Kaba (see further King 7, Section 3 and the commentary to Paragraph
11 above).

4. Concluding remarks

al-Bazdawi informs us that the Sahdba and later Hanafis took the qibla
in Transoxania as due west, and that the Shifi°ls took it as due south. He
rightly criticizes both traditions, the latter more than the former, since the
road to Mecca from Samarqand goes due west rather than due south. He
himself prefers, without presenting any valid reasons, to accept the orientation
of the Jimi® Mosque in Samarqand.
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sources, but none is known to have been compiled for the region of Transoxania
other than the table of hy which al-Bazdawi is about to present. (All such
tables are discussed in my forthcoming Studies in 4stronomical Timekeeping
in Medieval Islam.)

Unfortunately the table is missing from the Cairo manuscript and I wonder
whether it was also missing from the Sohag manuscript. However, al-Bazdawi
gives sufficient information on his table to enable us to investigate its accuracy.
He gives the following values of hy for various solar positions:

Solar position hy
Aries 10 400
Aries 20 410
Cancer 160 66° (maximum)
Capricorn 160/190 ?? 11° (minimum)

Firstly, it is not clear whether the table was arranged according to solar
longitude or days of the Syrian calendar. al-Bazdawi confuses these systems
and when he implies that the tabulated function reaches its maximum at
Cancer 16° he is misinterpreting the fact that the sun enters Cancer on June
16th. Likewise when he implies that the function reaches its maximum at
Capricorn 160 and, in the next sentence, 199, he is misinterpreting the fact
that the sun enters Capricorn on December 16th/19th. Since he earlier implies
(Paragraph 4) that the autumnal equinox is on September 20th, the change
from a figure 20 to 16 or 16/19 may indicate that he did not compute the table
himself. Indeed, I doubt if he had the vaguest notion how the entries in such
a table would be computed. The function hy (A) for ¢ = 400 and for ¢ = 45°
does indeed assume a value of about 40° at A = 0°(and even 41° when rounded
at A = 1°!), a maximum of about 69° at the summer solstice A = 90°, and a
minimum of about 12° at the winter solstice A = 27°. Selected recomputed
values for ¢ = 400, e = 23;359°, and ¢ = 449, 45°, and 46° are shown in Table 1.

From an inspection of these recomputed values, I think that it is safe to
assume that whoever computed the table from which the four values men-
tioned in the text were taken, was using some approximate means of deter-
mining the solar altitude in the direction of south-west. Approximate values
for the equinoxes and solstices could be found very easily (and more accurate
values by taking additional care) by using an analogue computer device such
as an astrolabe or by geometric construction (involving a technique known
as the analemma).

The next question for us to consider is how the person who computed the
table arrived at a value ¢ = 45° for the qibla at Samarqand. There are at
least three possible answers to this. Perhaps the unknown compiler of the
table considered that for Samargand and Mecca, AL ( = 22° according to
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The time-difference of 23 hours between Mecca and Trarsoxania given
by al-Bazdawi is grossly inaccurate. In fact, it is double the correct amount
for a longitude difference AL == 20°. The time difference should be determined
by reckoning 1 hour for each 15 degrees of AL, since 24 hours corresponds to
the 3600 of the apparent daily rotation of the heavens.

It is unlikely that anyone other than an astronomer would “know the
truth about the hours,” as far as the determination of cquinoctial hours from
the instantaneous solar altitude is concerned. Simple arithmetical rules for
regulating the seasonal hours (which, as twelfth divisions of the length of
daylight, depend on terrestrial latitude and vary throughout the year) by
means of shadows are attested in the non—technical literature of the Muslims.
(A survey of these shadow—schemes is contained in my forth coming Studies
in Astronomical Timekeeping in Medieval Islam.)

From al-Bazdawi’s remark about the shadow at the zuhr prayer we may
conclude that the Hanafis in Transoxania performed the zuhr some time
after midday, rather than as soon as the sun had declined from the meridian,
which is the standard definition. When the horizontal shadow s of a vertical
object of length n is L45n the solar altitude is 60°, and at midsummer in Trans-
oxania this is about one hour after midday. Since the midday shadow would be
about Yjn. it may be that the beginning of the zuhr was defined by As = Yn,
where As is the increase in the shadow beyond its midday minimum. This is
the definition for the beginning of the zuhr usually associated with Andalusian
practice (see, for example, King 3, pp. 191 and 193-194). Notice that the time
defined by s = l4n is much earlier than the 2 2/3 hours after midday which
al-Bazdawi has just prescribed.

Finally, al-Bazdawi remarks that the setting sun at midwinter defines the
qibla in Transoxania. This direction, about 31140 S. of W. for latitude 500, is
at variance with the direction he advocates in Paragraph 15 by about 15°.
However, it may be that here we have the reasons behind the orientation of
the Jimi® Mosque in Samarqand. The direction of the rising sun at midwinter
was used as the qibla in early Islamic Egypt and also in Andalusia (cf. King 1,
p. 372; King 2, p. 371; and also Appendix B of this paper).

Given the local latitude ¢, the azimuth of the gibla ¢, and the solar long-
itude A or declination 3(1), it is possible to determine the solar altitude bk,
and the hour-angle t; when the sun is the direction of Mecca. Thus, for example,
the tenth-century Cairo astronomer Ibn Yilinus compiled a table of hy for
Cairo as a function of solar longitude, giving values in degrees and minutes
for each degree of solar longitude, which corresponds roughly to each day of
the year. The corpus of tables which was used in medieval Cairo contains
tables of both k, and ¢, as well as of the corresponding functions in the direc-
tion perpendicular to the qibla (see further King 1, p. 368). Various later
tables of these functions for different latitudes are attested in the Islamic
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due west. The road from Bukhara to Marw and Nisapur on the way to Mecca
is in a direction of roughly 45° S. of W. Between Nisapur and Rayy (Tehran)
the road is again roughly due west. (See Le Strange, Map 1 facing p. 1.) Note
that the fact that the road from Samarqand to Bukhara is more or less due
west did not lead al-Bazdawl to question why their latitudes should differ
by 2o.

al-Bazdawi is trying to say that the sun is in the direction of the qibla
when it is in the zenith of Mecca, but his explanation is confused by his igno-
rance of spherical astronomy. The sun is in the zenith at Mecca at midday on
two days of the year, namely, when its longitude 2 is such that its meridian
altitude

900 — om + 8 ()
is equal to 90°, that is, when
3 (2) = om = 210,
using al-Bazdawi’s value for the latitude of Mecca.

The solar longitudes corresponding to the situation 8 (A) = @y are des-
cribed by al-Bazdawi here and below as ““when the sun enters Gemini”’ and
“when the sun enters the sign of Cancer and has moved through twenty
degrees of it”. Since these positions should be symmetrical with respect to
Cancer 0°, the summer solstice, al-Bazdawi probably means Gemini 10° and
Cancer 209, the two solar positions which are 200 on either side of the solstice;
however, he never specifically mentions Gemini 10°. These solar positions
A = 70°/110° implied by al-Bazdawi are approximations, and the correspon-
ding solar declination is about 22°, which is too large for ¢y.

The same method for finding the qibla occurs in other medieval Islamic
sources, of which I shall cite just two examples. In the popular Mulakhkhas
fi’l-hay’a of Mahmiid ibn “Umar al-Jaghmini, compiled in Khwiarizm (modern
Khiva in the U.S.S.R.) in 618H(=1221), the author advocates first the approx-
imate geometrical construction outlined above and then mentions this second
method, stating that the longitudes of the sun are A = 67;21°/112;39° since
he uses ¢y = 21;40° and € = 23;350 (see Rudloff & Hochheim, p. 272, for a
translation of this passage). In a Yemeni manuscript of this work copied ca.
1500, namely MS Cairo Dar al-Kutub hay’e 69, the two solar positions are
copied incorrectly (fol. 18v) as Gemini 7;8° and Cancer 289, i.e. A = 67;8°/1180,
which are not even symmetrical with respect to the solstice. Again, in an
Egyptian treatise on the use of the sine quadrant in 24 chapters extant in MS
Istanbul Topkapi A 3509,7 (copied 676H), the anonymous author solves 3(})
= 210 with € = 24° and obtains A = 64°/116° (fols. 318v—319z). In fact these
values of A correspond to € = 23;35°, and the solution of & (A) = 21;30°
(another popular medieval value for the latitude of Mecca) with € = 240 is
A= 649/116°! With 3(A) = 21;30° and € = 23;35° one obtains A = 660/1140,
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in Mecca was associated with different geographical regions (see King 6 and
King 7, Section 3.3). Furthermore the Kaba is itself astronomically aligned
(see Hawkins & King and King 7, Section 3.5). Thus someone standing in
front of the eastern wall of the Kaba is facing winter sunset. al-Bazdawi and
others, assumed that, since the qibla of Transoxania was towards the north—
eastern wall of the Ka®ba, it was appropriate to use winter sunset as the gibla
in Transoxania — see Fig. 3.

One can only feel sympathy for al-Bazdawi’s grandfather when he was
forced to annul the new qgibla (towards winter sunset?) that he found by
actually going to Mecca, and reinstate the erroneous qibla (toward due west ?)
that was generally accepted.

MOSQUE

north

winter sunset

winter sunset

Fig. 3: al-Bazdawi’s conception of the gibla in Transoxania. The gibla there is towards the
northeastern wall of the Ka’ba. When standing in front of this wall one is facing winter sunset. There-
fore the gibla in Transoxania is towards winter sunset.

12: The mode of formulating these two statements that the gibla is due west
and due south, respectively, is typical of the kind of information contained
in the early kutub dal@’il al-qibla.

al-Bazdawi favors the western gibla of the Hanafis against the southern
gibla of the Shafi’is, and quite reasonably invokes the example of the roads
from Transoxania to Mecca. The road from Samarqand to Bukhara is roughly
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printouts of medieval geographical coordinates described in Kennedy & Haddad
which have been brought up—to-date by Dr. Kennedy in Cairo during 1978-79.

For al-Bazdawi’s coordinates I compute that the giblas (mecasured from
the south) for Bukhara, Samarqand, and Nasaf are:

51;60 51;8 56323
according to the exact formula, and
49;280 49;0 54;10
according to the standard approximate formula. (The modern coordinates are:
Mecca 21;270 39490
Bukhara 39;48 64:25
Samarqand 39,40 6658

so that the true giblas for Bukhara and Samarqand are respectively 56;4° and
59;48° measured from the south. but these are, of course, irrelevant to any
discussion of medieval qiblas or orientations.)

The expressions “inclined away from the Ka®ba towards the left” referring
to the gibla in the direction of due west and “to the left of a person praying
(in the gibla of due west) and to the right of the Ka®ba’ referring to the new
gibla (in the direction of winter sunset?) are extremely awkward. They seem
to relate to the direction of the local gibla as seen from the Ka“ba.

We know from modern excavations (according to a sketch attached to a
letter from Prof. N. B. Nemtseva to Prof. L. Golombek of the University of
Toronto and The Royal Ontario Museum dated June 5, 1977) that the qibla
of the Jami® Mosque at Samarqand is about 35° S. of W. This corresponds
roughly to the azimuth of the setting sun at midwinter for latitude ¢ = 400
and obliquity € = 23149, which is about 3114° S. of W., but I have no infor-
mation on the local horizon at the site to confirm whether this is indeed a
solstitial alignment. In Paragraph 11 al-Bazdawi seems to imply that the
qibla of the Jami® Mosque was originally due west and was changed to the
left, probably towards winter sunset. Alldhu a®lam. Finally, it is probably
quite fortuitous that the alignment of the mosque corresponds fairly closely
to the qibla that can be computed from al-Bazdawi’s geographical data,
namely, about 400 S of W.

It would be interesting to know how al-Bazdawi checked this qibla when he
came to Samarqand in the year 473 Hijra. The sun was conveniently in Gemini
(see below), and he probably checked that the sun was in the direction of the
qibla of the mosque at a certain time after midday (see helow).

At first it seems strange that al-Bazdawi thinks one can gain more
insight into the matter of the qibla by actually going to Mecca and then
going back to one’s own country. However, each side and corner of the Ka®ha
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riydda 238, where the value is 18°) and a later eighteenth—century Moroccan
star catalogue (cf. Delphin, p. 181, where the value is 16°). There is a conside-
rable amount of unstudied material relating to trepidation available in the
Islamic sources, and more basic research is necessary in this field. See already
Goldstein and the literature there cited.

On the longitude values given by al-Bazdawi, sce the commentary to
Paragraph 8 below.

On the farsakh, sce the article in EI, by W. Hinz. The value 10 = 25 far-
sakhs is attributed to Hermes (cf. the article Hirmis in EI, by M. Plessner) by
al-Birlini, quoting the eight-century astronomer al-Fazari (cf. Ali, p. 177 and
Kennedy 1, p.132). Other values cited by al-Biriini include three values around
18 or 19 farsakhs attributed to ““the Indians,” and to the early ninth—century
astronomers al-Farghdni and Habash. Yet other values are attested in the
Islamic sources: for example, the seventeenth-century scholar Hajji “Abd al-
€Ali Tabrizi of Hyderabad used 1° = 20 to 22 farsangs (cf. Habib, p. 25 of the
author’s typescript).

The remark that the gibla of the Hanafis ‘““has a devation to the right of
the person praying (in the true gibla) and he is (facing) to the left of the gibla”
is an obscure way of saying that the qibla of the Hanafis, which was due west,
was too far to the right. al-Bazdawl goes on to say that the gibla could only
be due west if the latitudes of the cities in Transoxania were the same as the
latitude of Mecca (this is in fact erroneous).

al-Bazdawi gives the following geographical coordinates in Paras. 7 and 8:

Locality Latitude Longitude
Mecca 210 670
Bukhara 38 87
Samarqand 40 89
Nasaf 364 88

al-Bazdawi’s coordinates for Samarqand are attested elsewhere only in
the geographical work of the late thirteenth—/early fourteenth~century Syrian
ruler and scholar Abu’l-Fida’, quoting the unidentified source Kitdb al-Atwil,
but this source has (39;20°, 87,50°) for Bukhara, (39;0°, 88;400) for Nasaf,
and (21;400°, 67;13°) for Mecca. The latitude 38° for Bukhara, which is in error
by almost two degrees. is not attested in any known medieval source. Likewise,
no known medieval sources list a latitude for Nasaf less than 39°. al-Bazdawi’s
values for Mecca are common to several early Islamic sources, including the
geographical work of the ninth-century Baghdad scholar al-Khwarizmi.
However, al-Khwarizmi has (37;300, 89;30°) for Samarqand and (37;500,
87:;20°) for Bukhara. For this information I have relied on the computer
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al-Bazdawl is stating here that some Shifiis took the gibla to be due
south: this is made clearer in a later passage (see Paragraph 7) when he states
that their qibla would be correct only if there was no difference in longitude
between Transoxania and Mecca. The phrase “between the rising point (of
the sun) at (mid-) winter and its setting point” is an awkward way of refering
to due south. The gibla at Medina is indeed almost due south.

al-Bazdawi is informing us that the Sakhdba took the qgibla as due west. In
Paragraph 8 he states that this gibla was accepted by the Hanafi school. When
he implies that at the equinox the sun has been in the sign of Libra for 20 days,
he means that the sun enters Libra about September 20.

The identification of the autumnal equinox with agricultural activity is
typical of the kind of information recorded in the almanacs that were common
in medieval times. Examples are attested for Iraq, Egypt, Andalusia and the
Yemen, but not, as far as I know, for the Eastern provinces of the Muslim
world. On the almanacs of Ibn Masawayh (Baghdad, early 9th century) and
€Arib b. Sa*d (Cordova, 10th century), see Troupeau and Pellat.On a nineteenth-
century Tunisian almanac, based on a much earlier Andalusian tradition,
see Samsé 4. On an anonymous Egyptian almanac of uncertain date (but
certainly earlier than the 18th century), see Munoz. On alate Yemeni almanac,
see Serjeant. On the origin of certain of these almanacs, see Samsé 1,2, and 3.

According to Tagizadeh, p. 40,the Avestan time of harvest in Iran began
on September 14th. The following dates for the sun’s entry into Libra are
given in Troupeau, p. 135; Pellat, pp. 140-142; and Serjeant, p. 455:

Ibn Masawayh September 22
al-Birtni 16/17
al-Qazwini 18
al-Marztiqi 24
Ibn “Arib 18/23*
Muhammad Haydara (20th century) 23

(* according to the Mumtahan Zij (Kennedy 2, no. 51) and Sindhind Zij
(Kennedy 2, no. 28), respectively; on this, see now Samsé 3, pp. 178-179.)

One might be forgiven for supposing that al-Bazdawi is suggesting that
the equinox is at Libra 200. Certain Muslim astronomers adhered to a (false)
late-Hellenistic notion known as trepidation, which attributes to the equinox
an oscillatory motion about the sidereally-fixed point Aries 0°. Other examples
of specific values given to the current distance between the equinox and
Aries/Libra 0° occur in later Maghribi sources, such as some prayer—tables
for Morocco by Muhamamd b. Muhammad al-Jannidd (MS Cairo Taymir
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which is equivalent to the approximate formula

in A
q = arctan;—s‘.—n-'—Lg
sin A

For a survey of these methods, see my article Kibla in EI,, and also King 5,
Section 2.
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3. Technical Commentary on al-Bazdawi’s Treatise

The commentary relates to the numbered paragraphs in the translation
in Section 2.

In the commentary I use the following notation freely:

hy  solar altitude in the azimuth of the gibla
L terrestrial longitude

Ly longitude of Mecca

n length of gnomon

q qibla (measured from the meridian)

s length of gnomon shadow

ty hour angle when the sun is in the azimuth of the gibla
3 solar declination

AL difference in longitude from Mecca

As  increase of gnomon shadow over midday minimum
Ag  difference in latitude from Mecca

€ obliquity of the ecliptic

¢ solar longitude

[ terrestrial latitude

¢y latitude of Mecca

The mathematical problem of determining the qibla ¢ for any locality in
terms of the geographical coordinates of the locality (L,p) and of Mecca
Ly, o) has the solution:

q = are cot sin @ cos AL - cos ¢ tan @y

sin AL

where AL = | L — Ly | . Equivalent exact trigonometric or geometric solu-
tions were known to Muslim astronomers from the ninth century onwards.
Also, however, various approximate methods were devised in the ninth cen-
tury, of which the most popular method, which has been used for over a mille-
nium, was to use the construction:
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shadow of any object is the same as it was in Samargand: this (direction)
will be the qibla of that city, for in a period of one or two, or up to ten, days,
no more than a small difference (in shadow length) will occur, and such a
difference need not be taken into consideration.

(15) The calculators have devised another method for finding the gibla and
laying it out which can be used on any day (of the year). The sun is in the
same direction as the Kaba at some particular moment on every day (of the
year), so whoever knows that moment and faces the sun at that moment in
any of these cities, then that (direction) will be the gibla of those cities. But
whoever wants to lay out the gibla on any day must learn how the solar alti-
tude is found. When the sun is in the first degree of the sign of Aries and the
altitude of the sun after midday is forty degrees, then anyone who faces the
sun at that moment in one of these cities will be facing the qibla of that city.
When the sun is in the second degree of the sign of Aries and the altitude of
the sun after midday is forty-one degrees, then whoever faces the sun in one
of these cities at that moment will be facing the gibla of that city. In this
way (the required altitude of the sun) increases degreec by degree every two
days or more, until the sun enters the sign of Cancer and has moved through
sixteen degrees of it [sic] and when it enters the sixteenth degree and the
altitude of the sun after midday is sixty-six degrees, whoever faces the sun
at that time in one of these cities will be facing the qibla of that city. Then
(the required altitude of the sun) decreases in this way until the sun enters
the sign of Capricorn and moves through sixteen degrees of it [sic]. When
(the sun) enters the nineteenth [!] degree and you measure the altitude after
midday in one of these cities and the altitude is eleven degrees, then whoever
faces the sun in any one of these cities at that moment will be facing the gibla
of that city. Then the degree(s of the altitude of the sun) start to increase
every two days or more until (the sun) reaches Aries. I have written the
increase and decrease of the degree (of altitude of the sun) throughout the
year in a table which I prepared, and I have written this in alphanumerical
notation which is abed . . . (for 1234 . .. )2

[THERE IS NO TABLE IN THE CAIRO MANUSCRIPT !]

10. On the abjad notation for numbers in Islamic astronomical tables, see Irani.
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lators and those who practice disciplines other than arithmetic agree that
when the sun enters Gemini [and has moved through ten degrees of it], it
becomes in the same direction as Mecca when it is midday (at Mecca), (the
sun being then) like a shield over a man’s head, so that there remains no
shadow anywhere and so they have the expression ““there is no shadow left
in the wells.” Similarly when the sun enters the sign of Cancer and has moved
through twenty degrees of it, the sun is again in the same direction as Mecca
when it is (in the zenith of Mecca) at midday, and in every place whose longi-
tude is the same as the longitude of Mecca, so that if a person faces the sun at
midday (in Mecca) when the sun has entered the sign of Gemini [and moved
through ten degrees of it] or when the sun has moved through twenty degrees
of the sign of Cancer, then that (direction) will be the qibla of that place.
Midday at Mecca will be after midday in every place which differs in longitude
from Mecca and whose longitude is greater than that of Mecca, such as Bukhara
and Samarqand. We have already noted the difference between the longitude
of these cities and that of Mecca; thus the declining of the sun from the meri-
dian at Mecca takes place only after the midday at the cities of Bukhara,
Samarqand, and Nasaf, by two and two-thirds hours. So when two and two-
thirds hours have passed after midday in the cities of Bukhara, Samarqand,
and Nasaf, // whoever faces the disc of the sun at that moment when the sun
is at the beginning of the sign of Gemini or the end of the sign of Cancer in
one of these cities, this will be the gibla of these cities. So if the person is one
of those who understands the hours he will after finding the hours proceed
according to what we have explained. If he does not know the hours precisely,
then when the shadow of every object after midday becomes half (the length
of the object), which is the time when the followers of Abli Hanifa — may God
have mercy upon them — perform the zuhr prayer at that time (of the year),
viz. the summer. whoever faces the disc of the sun at that time in any of these
cities, this (direction) will be the gibla of that city. If the person is one of those
who knows the entry of the sun in the zodiacal signs, this is good, otherwise
he should have recourse to someone who does know this, and inquire, and lay
out the gibla at that time according to what we have stated. Likewise, when
the sun has entered the sign of Capricorn, which is at the beginning of winter
when the day-light is at its shortest, then when the sun has almost set, whoever
faces the sun at that time in any of these cities of Samarqand, Bukhara, or
Nasaf, this (direction) will be the qibla of those cities.

(14) However, the way to make the gibla in Bukhara and Nasaf the same as
the gibla of the Jami® Mosque in Samarqand is to look at the disc of the sun
after midday in the city of Samarqand in the Jimi® Mosque until it is in the
same direction as the gibla (of the mosque), and to see how long the shadow of
any object is, and to measure it, and then to return to Bukhara or Nasaf or
Karminiya or Kish with haste, and there face the sun after midday when the
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method of knowing (the gibla) by the easiest means. I pray for God’s ultimate
reward and His guidance // in completing it, relying upon Him for protection
from slipping and falling into error, and hoping for His good pleasure.

(11) So I say: We explained at the beginning of the book that which proved
the error of what was introduced by the more recent followers of al-Shafi‘i
concerning the gibla, and we mentioned that the qibla laid out by those who
conquered the(se) regions was erroneous. I heard from one of the upright
legal scholars in whom I have confidence that anyone who leaves Mecca and
gives careful consideration to the matter of the qibla and then goes back to
Transoxania will recognize that the qibla (there) is inclined to the left of the
(true) gibla. My grandfather, the shaykh, the ascetic imam, Abii Muhammad
€Abd al-Karim ibn Misa, travelled to Mecca as a pilgrim and whilst there
thought about the matter of the gibla. When he returned to his own town he
changed the gibla of his mosque to the left of the person praying, i.e. to the
right of the qibla(?), because he had become certain of the error of the (first)
gibla. But then he annulled (the new gibla) and put (the gibla) back to what it
had been previously, on account of the people’s gossiping so much, because
ignorance together with fanaticism prevailed amongst the unlearned of his
town. I heard this (story) from honest and reliable people. Likewise, the ex-
perts in arithmetic were of one mind and changed the qibla of the Jimi® Mosque
in Samarqand from what it had been to the left of the person praying, and
the religious leaders of both schools agreed upon it. Their agreement indicated
the error of both giblas.

(12) The position of the followers of our school (i.e. the Hanafis) that the
Pole Star should be aligned with a person’s two earlobes when he wishes to
pray is incorrect, since this would be correct if the latitude of Mecca and the
latitude of that region were equal, which is not the case. Indeed, there is a
large difference in latitude between them, as we have shown. The statement
of some of the followers of al-Shafi’l that the Pole Star should be at the neck
of a person when he wants to pray is also completely erroneous. // It would be
correct only if the longitude of Mecca and the longitude of these cities were
equal, and we have shown that this is not the case. The opinion of the follo-
wers of al-Shafi‘l is more erroncous than the opinion of the followers of Abi
Hanifa and those who conquered this region, because the roads in this region
(leading) to Mecca were laid out by the ancients towards the setting point of
(the sun at) the equinox, and they did not lay them out towards [what is
between] the setting point of (the sun at mid-) winter and its rising point.

(13) I shall now demonstrate a method for finding the gibla in the cities of
Transoxania — Bukhara, Samarqand, and Nasaf, and the towns and villages
which belong to them —in such a way that people can understand. The calcu-
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and Samarqand the difference is greater. Thus it is not correct at all that the
person facing the setting point of (the sun at) the equinox is facing Mecca,
because of the large difference in latitude hetween the two, close to five
hundred (text has: fifty) farsakhs. Because the sun sets at the equinox to
the left of Mecca and not in a direct linc with Mecca, the person facing west
on that day will not be facing Mecca. This error occured on their part simply
because they laid (the qibla) down in approximation, without having any
knowledge of calculation. One who uses an approximation is acting without
adequate evidence; he is in fact functioning by the dictates of the heart. The
one who judges by approximation often errs, but despite this he may (validly)
pray if he has no other evidence. The prayer of those who have no adequate
evidence is permissable and likewise the prayer of those who follow them, but //
when someone has revealed their error with the correct evidence, they may no
longer pray towards the gibia (that has been shown to be incorrect).

(9) During the time of my stay in Samarqgand, when I was a judge at the
hadra, 1 heard some people in whom I have confidence say that the religious
scholars took it upon themselves to make a thorough investigation of the
qibla laid out by those who had conquered the region of Transoxania, and that
they agreed that it was inclined away from the Ka®ba towards the left (?).
So they had recourse to those who are experts in calculation and who have
insight in this matter and they laid out for them a qibla to the left of the
person praying and to the right of the Kaha (?), i.e. it is between the qibla
of the followers of Abli Hanifa — may God have mercy on him — and that
introduced by the (more ?) recent followers of al-Shafili — may God have
mercy upon him. They laid out the gibla of the Jimi® Mosque in Samarqand in
the same direction, and the followers of Abii Hanifa and al-Shafi°i at that
time agreed on this, i.e. a qibla which has not inclination in any direction
(from the true direction of Mecca). I checked it when I came to Samarqand in
the year four hundred and seventy-three and the sun was in the sign of Gemini:
I found it correct and proper.

(10) Afterwards when I realized that this vain and absurd disagreement
concerning the gibla between the followers of Abii Hanifa and the recent
followers of al-Shafi°i is a disagreement of ignorant men who do not really
know — since anyone who really knows the qibla would say that both parties
are wrong, while anyone who has no true knowledge but does have piety and
normal adult intelligence will not enter into an argument over the qgibla but
will acknowledge that he does not know, so that the dispute will continue
only between unlearned men who have neither piety nor normal adult intelli-
gence together with precise reflection — I felt a desire to compose a short work
on the question of the gibla in which I would show what is right and demon-
strate it with brilliant reasoning from the evidence and also show in it the
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Transoxania and Khurasan should be between the rising and setting point of
(the sun at mid-) winter only if these cities have the same longitude as Mecca,
or if the longitude of these cities is close to the longitude of Mecca, like the
longitude of Mecca (as compared) with the longitude of Medina. By“longitude”
is meant the distance of the city from the sea in the west which encircles the
earth (i.e. the Atlantic). The distance of Mecca from the sea in the west is sixty-
seven degrees, and the distancc of Bukhara // from the sea in the west is
eighty-seven degrees, and the distance of Samarqand from it is eighty-nine
degrees, and the distance of Nasaf from it is eighty-eight degrees. Thus the
difference between the distance of Mecca and the distance of Bukhara is
twenty degrecs, and each degree is approximately twenty-five farsakhs, so that
the longitudinal difference between Mecca and Bukharais five hundred farsakhs
or thereabouts. The differences in longitude between Samarqand and Mecca,
and between Mecca and Nasaf, are greater than this. So whoever (in these
parts) puts his face in the direction between the rising point (of the sun) in
winter and its sctting point will certainly not be facing Mecca. There is about
five hundred (text has: fifty) farsakhs’ distance in longitude between (Mecca
and these parts), so whoever puts his face in the direction between the setting
point (of the sun) in winter and its rising point knows with certainty that
he is not facing Mecca because the distance in longitude between Mecca and
Bukhara is five hundred farsakhs. Thus the error in what recent scholars of
the Shafii school introduced in the gibla is established with certainty.

(8) The gibla laid out by those who conquered this district, whichis (the gibla)
used for prayer by the followers of Abii Hanifa - may God have mercy upon
him, has a deviation to the right of the person praying (in the true qibla) and
he is (facing) to the left of that gibla (i. e. due west). Thus the face (?) of the
qibla . . .[LACUNA?] ... is to the east (!!), for we have stated above that this
qibla is towards the setting point of (the sun at) the equinox, viz., is at the
middle of the setting points of the sun. The setting point of (the sun at) the
equinox is not equal . . . [LACUNAT?] . .. for these cities in latitude (?). This
would be correct only if the latitude of these // cities and the latitude of Mecca
were the same (or) their latitudes were close, so that the (person) facing the
setting point of (the sun at) the cquinox would be facing Mecca. But there is a
large difference in latitude between Mecca and these cities, for the latitude of
Mecca is twenty-one degrees. the latitude of Bukhara is thirty-eight degrees,
the latitude of Samarqand is forty degrees, and the latitude of Nasaf is
approximately thirty-six degrees. By “latitude” is meant the distance of the
locality from the equator, which is mid-heaven [!]. Now all the inhabited part
(of the earth) is in one of the two halves of the earth, namely, the half which
is to the left of the gibla (??). The latitudinal difference between Mecca and
Bukhara is sixteen degrees, each degree being close to twenty-five farsakhs,
so that there are four hundred farsakhs between them, and between Mecca
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(5) Some of the more recent followers of al-Shafii in Transoxania and Khu-
rasan who had never smelled the fragrance of arithmetic found fault with the
righteous men of the first generations and they made the qgibla in the direction
between the rising point (of the sun) at (mid-) winter and its setting point.
They relied on two Prophetic statements, one of which is their relating from
the Prophet — may (God) bless him and grant him salvation — that he said:
“The qibla is between the east and west,””” and the second is their likewise
relating from him — may (God) bless him and grant him salvation — that he
said: “Do not face towards or away from the qgibla when you are relieving
yourself; rather face east or west.”® The authenticity of these two Prophetic
sayings is not recognized because the reliable authorities did not relate them
in their books.® Furthermore even if the reports are true, it is plain for any
intelligent person that the argument based on these reports is not valid, for
every intelligent person knows by immediate intuition that the gibla of all
localities is not between the east and the west. The qibla of some localities
only is (in this direction). There is no (mention) in the statement of the Pro-
phet — may (God) bless him and grant him salvation — that this qiblais the
qibla of any (particular) place, and therefore one cannot rely on these two
Prophetic statements. If they say /[ the Prophetic statement: “the qibla of the
people of Iraq is between the east and the west” is related, then we reply that
this addition (viz. “of the people of Iraq™) is not authentic because Iraq had
not been conquered in those days. Rather it is more probable that what is
intended by these two Prophetic statements is the gibla of the people of
Medina, for it is (indeed) between the east and the west.

(6) When the righteous first generations conquered the(se) lands, they made
the gibla of Transoxania and Khurasan at the setting point of (the sun in) the
autumn, which is the setting point when day and night are equal. When the
sun has entered the sign of Libra and twenty days have passed [of the month
of Ayliil (= September)!] so that (the sun) has moved about twenty degrees
(during that month), then whoever faces the sun at sunset (is facing) the gibla
laid out by the men of the first generation. (The season) is the time when the
peasants of Bukhara finish sowing wheat and barley. The situation is the same
when the sun has entered the sign of Aries.

(7) The distorted gibla which is accepted by the Shafi®ite school is altogether
erroneous. That it is erroneous is obvious to anyone of normal adult intelli-
gence who has given a modicum of thought (to the matter), let alone having
smelled the fragrance of arithmetic. It is correct that the qgibla of the cities of

1. See Wensinck, V, p. 259b for references to this hadith.
8. This hadith is not in the canonical collections.
9. This is true only of the second hadith quoted: see notes 7 and 8 above.
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wherefore one has to know in which direction is the Kaba. Imams in the first
generations — may God have mercy on them — formulated many (legal) prob-
lems relating to each of the conditions (of prayer) and they expounded solu-
tions demonstrating their correctness; they were not satisfied to follow the
authority of others in these (matters). Likewise they formulated many solu-
tions to problems relating to (obligatory) alms-giving //, even though most
people do not need to know the solutions to such problems. They (also) for-
mulated solutions to many problems relating to fasting, even though there
was not much need to know the problems and solutions relating to it. They
(further) formulated the solutions to many problems relating to marriage
and divorce, sales and crimes, and to other problems as well, relating to every
(conceivable) subject. Even though ordinary people have no need of solutions
to such problems most of the time, they (viz. the imams) pursued the evi-
dence that leads to the correct solution of these problems, thought about
them, and were not content to follow the authority of others, speculating on
behalf of the people as a whole, so that when an individual happened to need
a particular response he should find it or something similar to it and not be
perplexcd about it. AbGi Hanifa - may God have mercy upon him — was our
leader in formulating the solutions to problems, reasoning on the basis of their
evidence, and his followers after him thought about those solutions, as did the
other legal scholars of the community — may God have mercy upon them.
Solutions for which they found provative evidence to indicate their validity
they adhered to and asserted as valid, but where no provative evidence of the
correctness (of a solution to a given problem) became apparent to them, they
rejected it, and were not content to follow the authority of others.

(4) Now most of the imams of the first generations avoided thinking about
the matter of the gibla and were content to follow the authority of others,
even though the laying out of the gibla is not a matter in which one is obligated
to follow the authority of another. They did this only because they did not
have the means (4/a) to know the gibla, since the gibla can be known only by
the science of arithmetic, and they had no insight into calculation. Accordingly
they followed the authority of others because of their inability to find it by
using (the traditional method of invoking) legal evidence. Most of the imams
of the first generations had not made any efforts (ijtahad?) in arithmetic, and
some of the followers of our school had // insight into it and so sought solutions
to the problems relating to the gibla and they got them right. But the (imams)
did not compile any books on (the subject) because of the abstruse nature of
arithmetic, and because most people, especially the legal scholars, avoided
arithmetic. Some of them did compile books but they compiled them in such
a way that they were so difficult to comprehend that only those thoroughly
familiar with arithmetic could understand what was in them. So these books
fell into disuse and everybody ended up relying on established authority.
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2. Translation of al-Bazdawi’s Treatise
There follows u free trauslation of al-Bazdawi’s treatisc. Words in parenthescs have no counterpart
in the original and have been added -o clarify the meaning. In genera! the meaning of the text is clear.

Page references in the margin relate to the pagination of the Cairo manuscript.The paragraph numbers
accord with those used by me in the edition of the text presented in the Appendix.

Treatise on the Azimuth of the Qibla}

(1) In the Name of God, the Merciful and Compassionate. Praise be to God-
the Most High, the Mighty, the Mild, the Benificent, the Wise, the Knowing,
the Ruler, the Truth, the Revealer, the Possessor of strength and power, the
Firm? — for the (different) kinds of virtues, high moral standards, and ood
qualities with which he has blessed us. Blessings upon His chosen, faithful,
clected, and distinguished Prophet, and on all of his pure family, his compa-
nions, and his wives.

(2) The shaykh, imam, the gallant master. the leader of Islam, Abu’l-Yusr
al-Bazdawi,’ may God have mercy on him, said:

The greatest of the religious observances after faith in God — may He Le cxalted -
is prayer,* for the Prophet — may (God) bless him and grant him salvation — said:
“Prayer is the pillar of religion; whoever neglects it has destroyed (his) faith.”™

He considered faith without prayer to be like a ruined house, and a ruined
house is a house but is no (longer) of any use. This Prophetic statement shows
us that prayer is one of the greatest of the religious observances, and that
anyone who neglects it indeed invalidates his faith.®

(3) Now anyone who needs to perform the prayer several times each day
cannot perform it except after he knows its basic elements and conditions. One
of the conditions required in every prayer is that one should face the Kaha,

1. The title Risala fi samt al-gibla is probably spuriovs. al-Bazdawi nowhere mentions the word
samt, ‘‘azimuth,” in his treatise, although he does use the related word musdmit, “*in the same direction
1 R

2. These are some of the ninety-nine names of God, on which see the article ““al-4sma’ al-husnd™’
in EI, by L. Gardet.

3. al-Bazdawi is nowhere else named in the Cairo manuscript. Later in the text he mentions that
he was a judge in Samarqand (paragraph 9), and that he arrived in Samargand in 473 Hijra
(paragraph 9), and he also names his grand-father (paragraph 11).

4. The word al-saldt is here omitted from the Arabic text ! The prayer intended is the ritual litur-
gical prayers, on which see the article <“Saldt’” in EI} by A. J. Wensinck.

5. On the statements attributed to the Prophst Muhammed see the article ‘“Hadith’” in EI, by
J. Robson. A concordance of the canonical hadith literature is Wensincl, but this particular hadith
does not occur in the canonical collections.

6. Note that the text has lg yubaftilu/yubtilu imdnaehu, ‘*does not invalidate his faith,” and I have
emended this to la-yubaftilu/yubtilu fmanahu.
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The treatise presented in this study deals with the determination of the
gibla in early Islamic Transoxania.® It affords new light on qibla determina-
tions in early Islamic practice and contains information which will be useful
to historians of Islamic architecture when the religious architecture in Trans-
oxania is properly surveyed for the first time. The author of the treatise,
Abu’l-Yusr al-Bazdawi, was a ¢ddi in Samarqand in the late eleventh century®
and was a Hanafi scholar of some standing. He was the author of several
works on law, including a commentary on the major work of Abu Hanifa,
after whom the Hanafi school is named, and a commentary on a work of Abu
Hanifa’s student al-Shaybdni, who was one of the founders of the Hanafi
school. The nisba al-Bazdawi indicates that our author or his family origi-
nated from Bazda or Bazdawa, a small town with a castle on the road between
Nasaf and Bukhara.’

al-Bazdawi’s treatise is extant in a manuscript preserved until recently
in Sohag in the Nile Valley, but the manuscript is now no longer in the Library
of Sohag. The authorities there say that the manuscript has been taken to
Cairo, but I have been unable to ascertain its fate more precisely.® However,
a hand copy of the Sohag manuscript, prepared in 1936, is preserved in the
Egyptian National Library, numbered B 19385 and containing twelve pages of
text.® This study is based entirely on this late copy:'® I present a translation
of al-Bazdawi’s treatise (Section 2) and a commentary thereon (Section 3),
as well as an assessment of al-Bazdawi’s understanding of the gibla problem
and of his suggestions for its solution (Section 4). The Arabic text edited from
the Cairo copy is also presented (Appendix A).

5. A good introduction to the area is Le Strange.

6. On al-Bazdawl, see Brockelmann, 1, p. 460, and SI, pp. 637-638, and Sezgin, I, pp. 412 and 428.

7. Le Strange, p. 471.

8. Ttis a pleasure to thank my friend Mr. Peter Mackenzie-Smith, formerly of the Buitish Council
in Cairo, and his friends amongst the British VSO teachers in Sohag, for making enquiries about the
manuscript on my behalf.

9. This manuscript was first catalogued in Sayyid, T, p. 397. The letter B indicates that it belongs
to the manuscripts dealing with religion that were acquired by the Egyptian National Library between
1936 and 1955.

10. The importance of the treatise was first recognized during my recent survey of the scientific
manuscripts in the Egyptian National Library. See further Cairo Cat., vol. I, sub B 19385; vol. 1T,
Section 3.3.2; and Survey, no. B88.



Al-Bazdaw1 on the Qibla In Early Islamic Transoxania
Davip A. Kincg*

1 — Introduction

In the seventh century, within decades of the death of the Prophet Mu-
hammad, the Muslims conquered an area stretching from Andalusia to India.
Wherever they settled they built mosques oriented in the gibla, that is, so
that the prayer-niche or mifrdb would be facing Mecca, in accordance with a
Quranic injunction that Muslims should face the sacred compound in Mecca
during prayer.! The orientations of the earliest mosques built by the Sahdba,
the contemporaries of the Prophet, and the Tabi%in, the next generation of
Muslims, were established by non-mathematical procedures. The gibla was
defined in terms of the cardinal directions, or by the rising and setting of the
sun or stars, or by the wind directions.?

The determination of the gibla by mathematical means is a complicated
problem of mathematical geography, which was pursued with enthusiasm by
Muslim astronomers from the ninth century onwards. To solve the qibla
problem, one requires a knowledge of terrestrial coordinates and a trigono-
metric formula giving the direction from one locality to another on a terres-
trial sphere Lists of such coordinates and statements about the appropriate
formulae are attested in numerous medieval sources.® Inevitably controver-
sies arose in different localities about which gibla directions were legally
acceptable, and the records of these discussions constitute documents of
considerable interest to both the history of Islamic science and the history of
Islamic architecture.

* David A. King: Institu fiir Geschichte der Naturwissenschaften, Johann Wolfgang Goethe—
Universitit, Frankfurt am Main, FRG, formerly of the Department of Near Eastern Language
and Literatures, New York University, New York, USA.
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1. See the article *“Kiblu (ritual and legal aspects)’” in EI; by A. J. Wensinck.

2. See King 5 and also King 7 (forthcoming).

3. See my article “*Kibla (astronomical aspects)’’ in EI,, and also King 7, Section 2.

4. See already Renaud 2 on the gibla in the Maghrib, King 2 on the gibla in Andalusia, and King 1,
pp. 368, and 4 on the gibla in Egypt. More details are given in King 7, Section 4.
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